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I. INTRODUCTION AND SUMMARY 

A. 1ntroduct. ion 

This  i s  the  f i n a l  summary r epor t  submi t t ed  under   contract  

NASw-1188, Evaluation  of H i g h  Temperature G a s  Transport   Propert ies .  

The ob jec t ives   o f  t h i s  program  have  been t o  determine t h e  reason 

f 'or t he  discrepancy  between the t h e o r e t i c a l l y   c a l c u l a t e d  values of 

t h e  thermal conduct ivi ty   of  high temperature  nitrogen and the  values 

f o r  t h i s  quantity  determined from  measurements i n  t he  w a l l  s t a b i l i z e d  

cons t r ic ted   a rc :   and ,  i f  and when t h e  discrepancy is  re so lved ,   t o  

u s e  t h e  w a l l  s t a b i l i z e d   c o n s t r i c t e d  arc  for experimental  measurement 

of t h e  t r a n s p o r t   p r o p e r t i e s  of h igh  tempera ture   a i r .  T h i s  program 

is  sponsored  by t h e  Off ice  of Advanced Research and  Technology  of 

NASA, and i s  a part  of t h e  Physics  of F l u i d s  program,  of which 

M r .  A l f r e d  Gessow i s  Ch ie f .  

The work reported here has been  performed by personnel of 

t h e  Research and  Technology  Laboratory  of t h e  Avco Space Systems 

Div i s ion .   In   pa r t i cu la r ,   pa r t i c ipan t s   i n  the program have been 

Messrs. J. C. Morris,  R. Rudis, and R. Liebermann,  and D r s .  J. Yos 

and c. F. Knopp. D r .  Stewart  Bennett  has  been Program Director .  

B. Summary 

A t  t h e  conclusion  of a preceding program (con t r ac t  NASw-916) 

i n  t h i s  t echn ica l  area, several   key facts  had  been  established. 

First, f a i r l y   r e f i n e d   a n a l y t i c a l  estimates of t h e  thermal   conduct ivi ty  

of n i t rogen  had been made, and the effect of t h i s  s u b s t a n t i a l  

1 



improvement i n  t h e  accuracy   of . the   ca lcu la t ions  was t o   a d j u s t  t h e  

previously  estimated  thermal  conductivity by  amounts  of t h e  order  

only  of 35% (varying somewhat w i t h  t h e  tempera ture   a t   which , the  

ca l cu la t ions   a r e  made).  Second,  experimental  measurements  had  been 

made of t he  thermal  conductivity  of  argon and ni t rogen  using the  

w a l 1 , s t a b i l i z e d   c o n s t r i c t e d   a r c   a t  a pressure  of  one  atmosphere, 

and these  values  agreed w e l l  w i t h  the results of  previous  investi-  

gators   employing  s imilar   techniques,   but   poorly w i t h  t h e  t h e o r e t i c a l  

values: t he  disagreement w i t h  theory i n  ni t rogen was  much g r e a t e r  

than t h e  disagreement i n  argon,  being  of t h e  order  of a fac tor   o f  

10 at   temperatures  of  about 15,000°K. Third, a possible  source  of 

t h i s  discrepancy had been  noted,  namely,  energy  transfer by 

u l t r a v i o l e t   r a d i a t i o n  (which i s  important  at   high  temperatures i n  

n i t rogen) ,  which  would  escape  from the  cen t r a l   r eg ion  of t h e   a r c  

discharge,  b u t  which would not be detected  outside  of  the  apparatus.  

Thus, u l t rav io le t   rad ia t ion   compr ises  a mode of energy t r a n s f e r  

which would not  be  noted i n  the exper iments   o f -o ther   inves t iga tors  

and a t  t h i s  laboratory:  and, i f  t h e  ene rgy   t r ans fe r   ac tua l ly  due t o  

u l t r a v i o l e t   r a d i a t i o n  was ascr ibed  instead  to   thermal   conduct ivi ty ,  

t h i s  would result  i n  measured  thermal  conductivity  values much 

higher  than the ac tua l .   va lue .  

The e f f o r t  under  t he  present  program  has  been  directed 

toward es tab l i sh ing   whether ,   indeed ,   u l t rav io le t   rad ia t ion  by 

i tself  can  account  for t h e  discrepancy between t h e  measured and 

calculated  values  of  thermal  conductivity  of  nitrogen. To t h i s  end 

several   paths   of   invest igat ion  have been followed. 

2 



I n i t i a l l y ,   e f f o r t s  w e r e  made t o   o p e r a t e  t h e  a r c   a t   p r e s s u r e s  

above and below  one  atmosphere, t o   d i s c e r n  i f  t h e  discrepancy 

between theory and experiment  varied  as a function  of  pressure. 

The reasoning  behind t h i s  approach is  tha t  r a d i a t i o n   i n t e n s i t y  is ,  

i n  general ,  a s t rong  funct ion  of   pressure  for  a gas w h i l e  t h e  

thermal  conductivity i s  much more s lowly  varying  in  the  pressure 

range  being  investigated.  Thus,  a t  low pressures  t h e  r ad ia t ion  

should be much reduced and a t  high pressures much enhanced, w h i l e  

t h e  thermal  conduction  should  change little; consequently, it would 

be an t i c ipa t ed   t ha t  t h e  discrepancy  should be s m a l l e r   a t  low pres- 

s u r e s  and l a r g e r   a t  high pressures .  I n  p r a c t i c e ,  t h i s  has t u r n e d  

out   no t   to  be a u s e f u l  method of  evaluating t h e  importance  of 

rad ia t ion .   For ,   a t   very  low pressures  t h e  a r c  column depar t s  s i g n i -  

f i c a n t l y  from local   thermal   equi l ibr ium, and very  high  pressures 

r e s u l t  i n  s t rong  self-absorpt ion  of   radiat ion.  Thus, t he  access ib le  

pressure  range is not   large and physical  phenomena other   than t h e  

one  of interest  va ry   s ign i f i can t ly .  This  makes i t  extremely d i f f i -  

c u l t  t o  draw  unambiguous conclusions,  and t h i s  t e c h n i q u e  was not 

pursued f u r t h e r .  

J 

Subsequently, i n  a p a r a l l e l  program$ rather  precise  measure- 

ments have been made of t h e  continuum r a d i a t i o n   i n t e n s i t y  from 

ni t rogen i n  t h e  spectral   range  of  interest ( A  < .2p,). 

The mathematical  techniques by which t h e  data  obtained  under the 

present  program are   p rocessed   to   ob ta in   thermal   conduct iv i ty   va lues  

have been ad jus t ed   t o   accoun t   fo r   s e l f - abso rp t ion   o f   u l t r av io l e t  

rad ia t ion .  The continuum radiat ion  intensi ty   obtained  under  the 

present  program, and the agreement  between  theory and experimental 

3 



values  of  thermal  conductivity  of  nitrogen  has been s i g n i f i c a n t l y  

improved. However., a s izeable   discrepancy still e x i s t s .  

W e  have  examined two poss ib le   sources  of the  remaining 

discrepancy;   these  are  l i n e  r ad ia t ion  (which i s  cur ren t ly   no t  

included i n  cons ide ra t ion   o f   t he   u l t r av io l e t . po r t ion   o f   t he  

spectrum), and u n c e r t a i n t i e s  in t h e  estimates o f   e l e c t r i c a l  con- 

d u c t i v i t y  which a r e  u s e d  i n  ana lys i s  of the  data.  Estimates  have 

been made of t h e  t o t a l  l i n e  bandwidth  which would be requi red   to  

account  for the  discrepancy, and a r e   d e t a i l e d  i n  t he   t ex t   o f  t h i s  

repor t .  The e l ec t r i ca l   conduc t iv i t i e s   have  been evaluated from t h e  pre- 

s e n t  data   and.agree  reasonably w e l l  with t h e  theo re t i ca l   e s t ima tes  

which  have been used i n  t h e  ana lys i s   for   thermal   conduct iv i t ies .  

Fur ther ,  an a l t e r n a t e  set of t h e o r e t i c a l   e l e c t r i c a l   c o n d u c t i v i t i e s ,  

ca lcu la ted  by Ahtye  of the NASA/Ames Research Cen te r ,  have  been used 

i n  t h e  ana lys i s   for   thermal   conduct iv i ty .  It does  not  appear from 

these analyses   that   any  appreciable   port ion of t h e  remaining d i s -  

crepancy  can be associated w i t h  t h e   e l e c t r i c a l   c o n d u c t i v i t y .  

Finally,  experimental  measurements  using the same apparatus 

and techniques  have been made of t h e  thermal  conductivity  of  hydro- 

gen.  Hydrogen was selected because a l l   p e r t i n e n t   p r o p e r t i e s  can be 

calculated  with much more confidence  than  for   other   gases .  Thus, 

i f  t h e  discrepancy is  d u e  t o  a cause such  as  improper  evaluation 

.of t h e  rad ia t ive   energy   t ranspor t ,  i t  should be g r e a t l y  reduced 

i n  hydrogen, w h i l e  i f  it is  d u e  t o  a basic  experimental  inadequacy, 

such  as  lack  of  equilibrium,  convective energy t r a n s p o r t ,   e t c . ,  t hen  
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the   d i screpancy  would  probably  not be much reduced in hydrogen. 

The res .u l ts   reported  here   indicate   that   the   agreement   wi th   theory  

is much better i n  hydrogen  than  in   n i trogen,  thus l end ing   fur ther  

support to  t h e   n o t i o n   t h a t   u l t r a v i o l e t   r a d i a t i o n   i n c l u d i n g   l i n e s  

is indeed  the   cause  of the   d i screpancy .  

5 
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11. THE CALCULATION OF THERMAL CONDUCTIVITY FROM CONSTRICTED 

ARC RATA 

The Thermal conduc t iv i t i e s  of high temperature ,highly  ionized 

gases maybe obtained from  measurements of vo l tage  and temperature 

gradien ts   o f  a c y l i n d r i c a l l y  symmetric cons t r i c t ed  arc. 

I n  t h e  absence of  convection, t h e  energy ba lance   fo r  

an arc  column may be w r i t t e n   i n  t he  form 

r 

0 
where IS E 2ar d r  is the e lec t r ica l  energy   input   per   un i t   l ength  

t o  the gas   i n s ide  a cy l inder   o f   rad ius  r,  and 

2 

and  qrad are the   energy   f luxes  per u n i t   a r e a   a c r o s s  t h e  boundary 

of t h e   c y l i n d e r  due  t o  conduction and r ad ia t ion ,   r e spec t ive ly .  If 

t h e   a r c  column i s  o p t i c a l l y   t h i n   t o  the  emitted r a d i a t i o n ,  t he  

r ad ia t ed   f l ux  qrad may be wri t ten  s imply as an   i n t eg ra l   ove r  t he  

rad ia ted  power p e r   u n i t  volume i n s i d e  t h e  cy l inde r ,  

2Tr qrad = .[ 'rad 2ar d r  ( 3 )  

and one ob ta ins  t h e  ordinary,   "opt ical ly   thin"   Elenbaas-Hel ler  

equation 
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which bas been used  t o   e v a l u a t e  K from measured va lues   o f  E and 

T ( r )  . As i n d i c a t e d   i n   r e f e r e n c e  1, however, the approximation 

o f   o p t i c a l   t h i n n e s s  is no t   adequa te   fo r   t he   t r ea tmen t   o f  the 

high-temperature  nitrogen arc,  s i n c e   f o r  t h i s  (and many o the r )  

gases there i s  a s i z e a b l e   c o n t r i b u t i o n   t o  the t o t a l   e n e r g y   b a l a n c e  

due  t o   f a r   u l t r a v i o l e t   r a d i a t i o n ,   f o r  which the   abso rp t ion   l eng th  

i s  comparable t o   o r  smaller than  the arc dimensions. It w a s  

therefore necessary   to   modi fy  the  p rev ious   ana lys i s  of t h e  arc 

da ta   t o   t ake   accoun t   o f  the effects of the abso rp t ion   o f   r ad ia t ion  

wi th in  the a r c  volume i t se l f .  

1 

For the  pu rposes   o f   c l a r i fy ing  the d i scuss ions   g iven   i n  l a t e r  

ec t ions   o f  t h i s  r e p o r t ,  a desc r ip t ive   accoun t  i s  given  below  of t h e  

process   o f   energy   t ransfer   wi th in  t h e  a r c  column. R e f e r r i n g   t o  

f i g u r e  1 ,  which i s  a c r o s s   s e c t i o n   o f  a c y l i n d r i c a l l y  symmetric 

a r c  column,  consider t h e  c y l i n d r i c a l  shell  of t h i c k n e s s  d r  which  

i s  shaded.  Since w e  have assumed t h a t  there i s  no flow, and s i n c e  

t h e  tempera ture   in  the  shell i s  cons t an t   i n   t ime ,  the energy 

t ransfer  by  non-convective  processes  from the  shell  mus t  exac t ly  

b a l a n c e   t h e   r a t e   a t  which energy i s  released wi th in  the s h e l l ,  

equat ion 1. Of the  non-convective  energy t ransfer  processes  

which may occur ,  we include  thermal   conduct ion and emission and 

abso rp t ion   o f   r ad ia t ion ,  w h i l e  energy release is  cons ide red   t o  

o r i g i n a t e   e x c l u s i v e l y  w i t h  j ou le   hea t ing .  

Since the  arc column t e m p e r a t u r e   p r o f i l e s  T ( r )  a r e   i n v a r i a b l y  

monotonic, (see f i g u r e  7, f o r  example) decreas ing  from a peak 
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value To a t  t h e  column centerline t o  the value  of t h e  wall  tempera- 

t u r e  T, a t  the wall  boundary, t h e  effect of  thermal  conduction 

i s  always to   t r ans fe r   hea t   ou t   o f  t h e  shell  toward the wal l .  

S imi la r ly ,  t he  effect   of   radiat ion  emission i s  always t o   t r a n s f e r  

' h e a t   o u t  of t he  shell, b u t  t h i s  t r a n s f e r  is  not  necessarily  toward 

the wall. The effect of radiat ion  absorpt ion w i t h i n  the shell  is  

t h e  energy  absorbed m u s t  be t ransferred  out   of  the shell  i n  t h e  

s t eady   s t a t e .   Jou le   hea t ing  is  given by t h e  l e f t  hand of 

equation (1) . 
The energy released w i t h i n  a shell given by the r i g h t  hand  of 

equation 1 is  de termined  by t h e  in tegra l   o f  j - E ;  assuming  that the 
+ +  

s c a l a r  form of Ohm's law i s  appl icable ,  t h i s  is  equ iva len t   t o  

aE , s ince  j = a E .  The e l ec t r i ca l   conduc t iv i ty  (J i s  an i n p u t   t o  2 + + 

the   ca lcu la t ion ,  and t h e  e l e c t r i c  f i e l d  s t r eng th  E is  a  measured 

quan t i ty  i n  t h e  experiment. 

W e  can now consider a  sample set o f   ca l cu la t ions   fo r  t h e  thermal 

conductivity  based upon a  measured  temperature  profile, a measured 

vol tage   g rad ien t  E, and  a set of  values of t h e   e l e c t r i c a l  conduc- 

t i v i t y   a s  a function  of  temperature. 

A t  first,  one  can assume t h a t   t h e r e  is  no r ad ia t ion .  I n  this 

case the  energy  balance  equation  has t h e  simplest  form,  equation (4 )  

and for each   cy l indr ica l  shell the  thermal  conduc.tivity mus t  be 

such  that  the  energy  released i n  t he  entire a rc   d i scha rge   a t   sma l l e r  

r ad i i   t han  the  shell outer   rad ius  is  conducted  through  the shell. 
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There .is i n  fact, no o t h e r  way f o r  t h i s  e n e r g y   t o  leave t h e  arc. 

S ince  t h e  temperature g r a d i e n t s  are measured  everywhere,  the thermal 

conduc t iv i ty  i s  then  determined,  and it must  have values large 

enough to   accoun t   fo r   t he   comple t e   t r ans fe r   o f   ene rgy  from the  a r c  

t o   t h e  w a l l .  

Now assume  t h a t  there is  r a d i a t i o n ,  b u t  no  absorption.  .The 

energy release i n  each volume element  of the arc i s  unchanged 

from t h e  first case, because the   t empera tures  and E are unchanged: 

there is  now a n  e n e r g y   t r a n s f e r  mechanism which o p e r a t e s   i n  

add i t ion   t o   t he rma l   conduc t ion .   S ince  less energy m u s t  be t r a n s -  

fe r red   by   thermal   conduct ion   than   in  t he  first case, and s i n c e  t h e  

t empera tu re   g rad ien t s   a r e  unchanged from t h e  first case, the thermal 

c o n d u c t i v i t i e s   c a l c u l a t e d   i n  t h e  second  case w i l l  o f   necess i ty  be 

smaller t h a n . i r i  t he  first case.  

Final ly ,   one  can assume bo th   r ad ia t ion  and absorpt ion.   For  

each c y l i n d r i c a l  shel l  there w i l l  be an amount o f   ene rgy   t r ans fe r r ed  

i n  by thermal  conduction from the  p o r t i o n   o f   t h e  arc l y i n g   a t  

s m a l l e r   r a d i i ,   a n  amount t r a n s f e r r e d   o u t  by thermal conduct ion   to  

p o r t i o n s  of the a r c   l y i n g   a t   l a r g e r   r a d i i ,   a n  amount generated 

by j o u l e   h e a t i n g   w i t h i n  t h e  s h e l l ,   a n  amount l o s t  by r a d i a t i o n  from 

t h e  shell ,  and a n  amount ,absorbed  owing to   r ad ia t ion   pas s ing   t h rough  

t h e s h e l l  from o t h e r   p a r t s   o f   t h e   a r c .  The r a d i a t i o n  and absorp t ion  

are coupled   for  a given shell ,  s i n c e  t h e  same t r a n s i t i o n   i n t e g r a l s  

i n  t he  o s c i l l a t o r   s t r e n g t h s  o r  t r a n s i t i o n   p r o b a b i l i t i e s  are involved 

in   emiss ion   and   absorp t ion   of   rad ia t ion .  
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The i n i t i a l   c a l c u l a t i o n s   o f  thermal conductivity  performed 

u n d e r   t h i s  program  assumed rad ia t ion  b u t  no absorption. However, 

s ince   on ly   r ad ia t ion  i n  t h e  wavelength  range 0.25 t o  6 microns 

w a s  used, and s ince ,   fo r   n i t rogen  a t  t h e   a r c   c o n d i t i o n s  employed, 

there is  r e l a t i v e l y  little r a d i a t i o n   i n  t h i s  wavelength  range 

(compared to   t he   ene rgy   i npu t  per u n i t  volume) t h e r e  i s  little 

difference  between  calculations  performed  in this way and those  

per formed  neglec t ing   rad ia t ion   en t i re ly .  The thermal conductivi-  

t ies c a l c u l a t e d   i n  t h i s  way w e r e  q u i t e  high compared with  theory,  

a s  was t h e  case   a l so   wi th   da ta   repor ted  by  Maecker , a previous 

inves t iga to r .  

2 

A t  t ha t   t ime ,  a f a i r l y  ca re fu l  i nves t iga t ion  w a s  made of 

poss ib l e   sou rces   o f   e r ro r   i n  the experiment.  Considerable  atten- 

t i o n  w a s  given  to   measuring t h e  vol tage   g rad ien t ,   to   measur ing  

t h e  a r c   t e m p e r a t u r e   p r o f i l e   i n  a number of ways t o   e n s u r e   l o c a l  

thermal   equi l ibr ium,  to   performing  an  error   analysis   of  t h e  calcu- 

l a t i o n a l   t e c h n i q u e ,   t o   a s s u r i n g   t h a t  the a r c  had c y l i n d r i c a l  

symmetry, and t o  t h e  theore t ica l   va lues   o f  t h e  thermal  conductivity 

themselves. N o  source   o f   e r ror  was found  of s u f f i c i e n t  magnitude 

to account   for  t h e  observed  discrepancy  in thermal conduct ivi ty .  

From t h e  nature   of  the  ca l cu la t ion ,  which involves   equat ing 

the energy   input   to  a c y l i n d r i c a l  she l l  i n   t h e   a r c   t o   t h e   e n e r g y  

output  from t h e   s h e l l ,  it i s  clear t h a t  over ly  large values  of 

t h e  thermal  conductivity  can be obtained either i f  t h e  energy 

input  i s  overest imated  or  i f  t h e r e  is a mechanism for   energy 

t r a n s p o r t  from t h e   a r c  column which has been  neglected. In  the 
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former  case,   unless t h e  e lectr ic  f i e ld   s t r eng th   has  been measured 

incor rec t ly ,   the   on ly   poss ib le   source   o f   e r ror  is i n  t he  assumed 

electrical  conductivity  of t he  plasma. W e  s h a l l  examine t h i s  

p o i n t   i n  more de t a i l - l a t e r  i n   t h i s   r e p o r t ,  b u t  here  we  may say 

t h a t   a n   e r r o r   i n   d e c t r i c a l   c o n d u c t i v i t y   l a r g e  enough t o  account 

for   the  observed  discrepancy i s  unl ike ly .   Therefore ,   a t ten t ion  

has been d i r e c t e d . t o   e n e r g y   t r a n s f e r  mechanisms other   than  those 

considered. 

A p a r t i c u l a r l y   a t t r a c t i v e  mechanism is  r a d i a t i o n   i n   t h e   u l t r a -  

violet   por t ion  of   the  spectrum,  a t   wavelengths   shorter   than  those 

measured up u n t i l   r e c e n t l y   a t   t h i s   l a b o r a t o r y .   E a r l i e r   t h e o r e t i c a l  

es t imates  3 ' 4  of t h e  amount of t h i s   r a d i a t i o n   i n d i c a t e   t h a t  it can 

be qu i t e   l a rge   a t   t empera tu res  of the  order  of 12,000°K, . t yp ica l  

of t h e  region of interest to   the   p resent   exper iment .  

The first t reatment  of t h e  e f f e c t   o f  t h i s  u l t r a v i o l e t   r a d i a t i o n  

was performed w i t h  the  assumption  of no absorption. The c ros s  

sec t ions   o f  B u r g e s s  and Seaton3 w e r e  used t o   p r e d i c t  t h e  continuum 

rad ia t ion ,  and a s l i gh t  modification  of the theory of  Stewart and 

Pyat t  was used  to pred ic t   t he   l i ne   r ad ia t ion .  With these values 

f o r  vacuum u l t r a v i o l e t   r a d i a t i o n   i n s e r t e d   i n t o   t h e   a n a l y s i s ,  t h e  

agreement  between t h e  new calculated  values  of thermal  conductivity 

and t h e   l a t e s t   t h e o r e t i c a l   v a l u e s  was q u i t e  good. However, t h i s  

treatment  of t h e  da ta  is  unsa t i s f ac to ry  on two counts. First, t h e  

est imates  of vacuum u l t r a v i o l e t   r a d i a t i o n  w e r e  not  supported by 

experimental  measurements.  Second, it i s  expected  that  there would 

be some absorpt ion pf t h e  rad ia t ion   wi th in  t h e  a r c  column so t h a t  

t.he ca l cu la t ion  was to t h i s   e x t e n t   u n r e a l i s t i c   e v e n  i f  t he  r a d i a t i o n  

values were cor rec t .  

4 

/ 
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A f t e r  t h i s  i n i t i a l   c a l c u l a t i o n   w i t h  vacuum u l t r a v i o l e t   r a d i -  

a t i o n   i n c l u d e d  we  ' cont inued  t o  r e f i n e  t h e  c a l c u l a t i o n a l   p r o c e d u r e .  

Toward t h i s  end ,  we  devise a computer program (see Appendix I) so 

t h a t  it treats c o n t i n u u m   r a d i a t i o n  correctly; t h a t  i s ,   r a d i a t i v e  

t r a n s f e r   i n c l u d i n g   e m i s s i o n   a n d   a b s o r p t i o n  processes. A detailed 

a c c o u n t  of t h i s  new a n a l y s i s   a n d  t h e  computa t ion   p rocedure   u sed  t o  

e v a l u a t e '  K from the exper imenta l   measurements  of v o l t a g e   g r a d i e n t s  

and   tempera ture  profiles i n  t h e  arc column is  g i v e n   i n   A p p e n d i x  I. 

The r e s u l t s  of t he  new computa t ions  are d i s c u s s e d   i n   S e c t i o n s I V  

f o l l o w i n g  a d e s c r i p t i o n  of t h e  appa ra tus   and  t h e  measurements 

t e c h n i q u e s .  



111. EXPERrPlLENTAL  APPARATUS AND  MEASUREMENT  TECHNIQUES 

A.  Experimental  Apparatus 

Although  a  description  of  the  apparatus  appears  in-.refer- 

ences 5 and 6 ,  it  is  repeated  here  for  the  sake  of  clarity  and  con- 

tinuity:  in  addition,  the  modifications  that  were  necessary  in 

order  to  run  hydrogen  are  included. 

1. Nitrogen  Arc 

The  wall-stabilized  arc  facility  used  in  this  program 

is  shown  schematically  in  figure 2. This  arc  is  capable  of sus- 

taining  an  axis  temperature  of  14,000°K.in  nitrogen  or  oxygen  with 

an  arc  diameter  of 4.8 mm and  a  current  of  150  amperes.  The  arc 

column  is  confined  within  a  series  of  water-cooled,  copper  constric- 

tors  electrically  insulated  from  one  another  by  molded  silicone 

rubber  gaskets.  The  gaskets  are  pierced  for  observation  windows 

so that  the  arc  column  may  be  observed  between  any  two  constrictors 

or  between  the  electrodes  and  a  constrictor.  The  width  of  each  con- 

strictor  is 8 mm. The  distance  between  adjacent  constrictors  is 

1.25 m m ,  except  in  the  case  of the-two constrictors  between  which 

the  spectroscopic  measurements  are  normally  made.  These  have  a 

separation of 0.25mm. The  observation  window  for  spectroscopic 

measurements  is  made  of  schlieren  quality  sapphire,  while  the  other 

observation  windows  are.fused  silica. 

The  constrictors,  electrode  housings,  and  windows of the 

wall-stabilized  arc  are  made  gas-tight  with  the  insulating  gaskets. 

The  various  gas  inlets  and  exits  are  metered  with  flow  gauges  and 

regulating  valves  which  are  used  to  control  the  pressure  and  flow 
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rates  within  the  arc  column.  This  arrangement  allows  the  option 

of  choosing  any  flow  rate,  ranging  from  stagnation  to  full  flow 

through  the  observation  chamber. 

The  correct  pressure  in  the  arc  column  is  maintained  with 

a  needle  valve  located  upstream  of  a  mechanical  vacuum  pump  in  the 

case  of  0.5-atmosphere  runs,  and  by  a  needle  valve  exhausting  to 

atmosphere  for  the  2-atmosphere  tests.  The  pressure  is  monitored 

on  a  differential  manometer  which  can  be  read  to 1 mm Hg.  This 

gives  an  accuracy  of  approximately 5 3 percent  for  the 0.5 atmos- 

phere  case  and 5 1.5 percent  for  the  2-atmosphere  case.  In  all 

cases,  ambient  atmospheric  pressure  was  very  close  to  the  nominal 

value. No fluctuations  in  the  pressure  were  discernible  during 

any of the  runs  at  either  pressure. At each  pressure,  the  cathode 

and  anode  of  the  arc  are  blanketed  in  argon  to  prevent  the  electrode 

erosion  characteristic  of  high-current  nitrogen  arcs.  Prior  to 

each  set  of  measurements,  the  flow  rates  of  argon  and  nitrogen  are 

adjusted  such  that  there  is  no  argon  observed  spectroscopically  in 

‘the  portion  of  the  arc  column  used  for  the  measurements. 

2. Hydrogen  Arc 

Several  modifications  were  necessary  on  the  arc  described 

above  in  order  to  run  hydrogen.  The  bore  diameter of the  arc, 

which  for  nitrogen  was 4.8 mm, was  reduced  to 3 mm. This  was  done 

since  the  hydrogen  arc  column  runs  in  a  more  constricted  manner  than 

nitrogen  for  the  same  current.  In  addition,  the  gap  between  con- 

strictors  between  which  spectroscopic  measurements  were  made,  was 

increased  to  1.25 mm. Little  or  no  bulging was evident  in  spite  of 

the  increased  distance  between  constrictors. 
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Due  t o  t h e  la rge   vo l tage   g rad ien ts  i n  hydrogen  a  considerable 

power input was required.  For  example, a t  20 amperes 1.87 Kw/m 

was needed t o   s u s t a i n  t h i s  hydrogen  arc. As i n  the case for n i t r o -  

gen t h e  cathode and anode  of the a r c  w e r e  blanketed w i t h  argon. 

P r i o r   t o  each set of  measurements, t h e  flow  rates  of  argon and 

hydrogen w e r e  adjusted such  t h a t  there was no argon  observed  s,pec- 

t ro scop ica l ly  i n  t h e  por t ion  of t h e  a r c  column used f o r  t he  

measurements. 

3 .  Power Supply 

Power f o r  t h e  a r c  i s  supplied by 84 t r u c k   b a t t e r i e s  

arranged i n  4 banks  of 2 1  b a t t e r i e s .  These banks may be used  i n  

series or   para l le l   combina t ions   to   ob ta in  open c i rcui t  voltages  of 

252,  504, or 1008 v o l t s .  The l i n e  ba t te r ies   a re   charged  by  a 

t h ree -phase   r ec t i f i e r  on t h e  220-volt   ac  service l i n e .  

Gross adjustments   to  t h e  a rc   cu r ren t   a r e  made with two 

va r i ab le ,   a i r - coo led   ba l l a s t   r e s i s to r s ,  each  capable of car ry ing  

200 amperes. F i n e  adjustment and regulation  of t h e  a rc   cu r ren t  

i s  accomplished by a water-cooled  stainless steel t u b e  w i t h  a 

s l iding  contact .   Regulat ion is provided by a potentiometric  reading 

of the d i f f e rence  i n  vol tage  across  a prec is ion  s h u n t  i n  t h e  a r c  

power lead and  a pre-set reference voltage.. The vol tage   d i f fe rence  

i s  displayed upon a r o t a t i n g  beam galvanometer. A s  the beam swings 

t o   p r e - s e t  limits, photoconduct ive   ce l l s   ac tua te  the  s l i d i n g  

contact  on t h e  s t a i n l e s s  steel tubing. Using this system, it is  

poss ib le   to   main ta in   cons tan t   a rc   cur ren t   to  w i t h i n  5 0.001 ampere. 



4. Optical  System 

A photograph  of  the  arc  operating i n  argon a t  atmospheric 

pressure and a current  of 60 amperes is  shown i n  f i g u r e  3 
\ 

A 0.75-meter,  f/10  grating  monochrometer  employing a 

Czerny-Turner  mounting is  used  t o   ob ta in  t h e  spectroscopic  measure- 

ments necessa ry . fo r  t h e  determination  of  radial   temperature distri- 

but ions w i t h i n  t h e  a r c  column. Th i s  instrument,  which was con- 

s t r u c t e d  i n  our  laboratory,   has a r ec ip roca l   l i nea r   d i spe r s ion  of 

10.8 A/mm i n  the  first o r d e r   a t  4000A. The r ad ia t ion   de t ec to r  i s  

an RCA type 1P21  o r  EM1 type 6255B photomult ipl ier .  The photo- 

m u l t i p l i e r  power supply  has  0.01-percent  regulation and r i p p l e  

suppression. The photomul t ip l ie r   s igna l  i s  measured and amplified 

by  a  pico-ammeter  having  a l i n e a r i t y  of 2 percent.  The output 

s i g n a l  of t he   ampl i f i e r  i s  digit ized  and,  along w i t h  the  gain  of 

the  amplif icat ion  system, punched onto  computer  cards i n  a semi- 

automatic  manner. 

Figure 4 -  d e p i c t s   t h e   o p t i c a l  system  used to   ob ta in   t he  

i n t e g r a t e d   i n t e n s i t y   d i s t r i b u t i o n  of a s p e c t r a l  l i n e  or  continuum 

band. The image  of t h e   a r c  column i s  focused upon the  entrance 

sl i t  of t h e  monochrometer by the imaging  lens. This  l e n s  i s  

a p e r t u r e d   t o   a l l e v i a t e   d i s t o r t i o n  and to   p rovide  a large  depth  of 

of f i e l d  su f f i c i en t   t o   ensu re   t ha t   bo th  t h e  f r o n t  and back  of t h e  

a r c  column a r e  i n  focus when the  l ens  i s  focused on the   ax i s  of 

t h e  a r c  column. 
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Figure 3 PHOTOGRAPH OF THE ARGON ARC A T  60 AMPERES, 
ATMOSPHERIC  PRESSURE 
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The.arc column  is.imaged  upon  the  entrance  slit  of 

the  monochrometer  in  such  a  way  that  the  axis  of  the  arc  is  parallel 

to  the  entrance.slit.  Spatial  resolution  is  accomplished  by  the 

use  of  a 25 micron  entrance  slit  combined  with  a 0.65 mm slit 

placed  in  the same plane  and  perpendicular  to  the  entrance  slit. 

Based  upon  the  effective  slit  widths  and  the  magnification of the 

optical  system,  this  arrangement  provides  an  effective  spatial 

resolution  of  approximately 0.2 mm along  the  axis  of  the  column 

and  approximately 0.05 mm perpendicular  to  the  axis. 

Calibration  of  the  electronic  and  optical  systems  is 

provided  by  an NBS tungsten  standard  lamp  located  at  the  same 

position  as  that  normally  occupied  by  the  arc  facility. 

B. Temgerature  Measurements 

ThO  temperature  profiles  shown  in  figures 5 through 9 

for  nitrogen  and  figure 10  for  hydrogen  were  obtained  from 

measurements  of  the  continuum  intensities  (figure  11)  which  had 

been  calibrated  from  the  absolute  intensities  of  atomic  lines. 

The  hydrogen  continuum  at 5500g was  calibrated  against  the % 
line  intensity  and  the  nitrogen 4955 continuum  against  the 493% 

line  intensity. 

0 

Figure 12 comparison  of  our  data  with  that  of  Wiese  for 

the  radial  temperature  distribution  of  a  40-ampere  arc  at  one  atmos- 

phere  and  also  shows  the  effect of bulging on  the  temperature 

profile . 
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The  standard  relationship  for  the  temperature  depen- 

dence  of  an  optically  thin  line  is: 

where 

h = Planck's  constant 

c = velocity  of  light 

X = wavelength 

g = statistical  weight of the  upper  level 

E = energy  of  upper  level 

K = Boltzmann's  constant 

N(T) = specie  'number  density 

U(T) = specie  partition  function 

A = transition  probability 

L(X) = the  line  shape  parameter 

The  transition  probabilities  for  the  lines  used  were  1.93 x lo6  sec-1 

for  4935A NI and  8.37 x lo6 sec'l for Hp 486fi. The  composition 
0 

calculations  used  were  those of Drellishak7  and  Burnhorn  and 

Wienecke8  respectively. 

C. Voltaqe  Gradient  Measurement 

The  voltage  gradients  in  the  hydrogen  and  nitrogen  arcs 

were  measured  using  the  balanced  current  method.  This  method 

which  employs  the  circuit  shown  in  figure 13, utilizes  the 

constrictors  at  each  end  of  the  column  of  test  gas  as  probes.  A 
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small amount of   cur ren t  is  suppl ied   to  t he  arc a t  these cons t r ic -  

t o r s  and is  balanced so t h a t  the effect of the  con tac t   r e s i s t ance  

of t he  probes,  even i f  it i s  extremely high,  i s  neg l ig ib l e ;  con- 

sequent ly   the  vol tmeter   reads t h e  t r u e  vo l tage   d i f fe rence   across  

the   cons t r i c to r s .  This method of  obtaining the vol tage   g rad ien t  

was compared w i t h  two other  techniques u s i n g  hydrogen a s  the.  

plasma  source. The second method used a voltmeter w i t h  a resis- 

tance of 5 x l o6  ohms t o  measure t h e  vol tage  between  constr ic tors  

of t h e  a rc .  While t h i s  method gave results which agreed w e l l  w i t h  

r e s u l t s  obtained by o the r  means, errors  could  have  been  introduced 

from high contact  resistance  between t h e  c o n s t r i c t o r s  and the  a r c  

column. The t h i r d  method  employed a calor imetr ic   technique which 

served  as  an  independent test  of t h e  measurements  obtained from 

t h e  two electric methods. Two center a rc   s ec t ions  were i so l a t ed  

and u s e d  a s  a calor imeter .  The temperature  of t h e  input  and 

output  flow  of  cooling  water  through these sec t ions  was monitored 

a s  w e l l  a s  the f low  ra te .  The power i n p u t   t o  these sec t ions  was 

converted  to  power per   un i t   l ength  which was divided by t h e  cur ren t  

t o   o b t a i n  t h e  vol tage  gradient .  The resul ts  obtained  are  shown 

i n  f igu re  14 and are in,  reasonable  agreement w i t h  the d i r e c t  

e lectr ic  measurements. The vol tage   g rad ien ts   o f   n i t rogen   a rcs   a t  

various  pressures  as  measured by t h e  balanced  current method are 

shown i n  f i g u r e  15. 



Figure 13 CIRCUIT FOR  MEASURING VOLTAGE  GRADIENTS IN THE NITROGEN ARC  COLUMN 
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D.. E l ec t r i ca l   Conduc t iv i ty  - Data  Analysis 

The bas ic   equa t ion  used i n  the  determinat ion  of  t h e  

e l e c t r i c a l   c o n d u c t i v i t y  is  t h e  in t eg ra t ed  Ohm's law f o r  the 

a r c  column: 

r C  
I = 2aE f a ( r )  r d r  (6) 

0 

The general   procedure i s  t o  measure t h e  values  of E and I and t h e  

r a d i a l   t e m p e r a t u r e   d i s t r i b u t i o n  T ( r )  f o r   s e v e r a l   d i f f e r e n t   a r c  

c u r r e n t s ,  and then  a t t empt   t o  f i n d  a s i n g l e   e l e c t r i c a l   c o n d u c t i v i t y  

func t ion   a ( r )   which ,  when s u b s t i t u t e d  i n t o  (6), w i l l  reproduce 

t h e  results of t he  experimental  measurements  for a l l   c u r r e n t s .  

The above  procedure  has the  advantage  that  it is not   necessary 

t o  make any  assumptions  about the  way i n  which  energy i s  t r a n s -  

ported out of t h e  a r c  column. 

1. Linear  Approximation  for 0 

The measurements of t h e  a r c   c u r r e n t ,  I, and vol tage 

g r a d i e n t ,  E, cor re spond   e s sen t i a l ly   t o  a  measurement  of t h e  

average  conduct ivi ty   for   the  column,  

3 = 3 s" a ( r ) r  d r  = -7 I 
ar 0 ar E 

For a first approximation t o  3(r) we  assume  a form f o r  B ( T )  

which is  l i n e a r  i n  T above some c r i t i c a l   t e m p e r a t u r e  Tc and zero 
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below T,, i.e., 

To obta in  !i? we u s e  

where rc = R i s  the  r a d i u s   a t  which T = T,, and T is  t h e  average 

temperature.  Choice  of % i s   a r b i t r a r y ,  b u t  i f  i t e r a t i v e l y  chosen 

for   each  temperature   prof i le  t h e  extrapolated  value T a t  0 = 0 

becomes equ iva len t ,   i . e . ,  an  unique  value  of T, i s  obtained. 

Figure 16 demonstrates t he  above  technique  for  hydrogen  arc  data 

r u n s  of 2 0 ,  30, 40, 50, and 70 amperes. As a first choice  %was 

s e t   e q u a l   t o  6000OK. Then for   each  arc   current  r u n  t h e  correspond- 

ing  rc ls  a t  Tc = 6000°K was found from the  temperature   prof i les  

T ( r )  and 7 was computed by u s e  of  equation (7). By numerical 

integrat ion,   equat ion (9) yielded the !i?. However when p lo t t ed  

t h e  extrapolated  value  of T a t  a = 0 yielded T, = 7800°K # 6000OK. 
T, was then chosen t o  be 7800°K w i t h  new rc values  being found 

from the T ( r )  and by employing  equations (6) and (8), the  new 

extrapolated  value  of T a t  CJ = 0 yielded Tc = 8400°K # 780O0K. 
This  process was repeated  for  T, = 8000,  8500, and 9000 K. As 

seen i n  f i g u r e  16 the correct   value  of  Tc i s  approximately 8350°K 

f o r   a l l   a r c  c u r r e n t s  w i t h  the exception  of t h e  20 ampere da t a  

which is  of some quest ion i n  terms of LTE. Disregarding the  

0 
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20 ampere d a t a   t h i s  data analysis  procedure  yields  hydrogen 

electrical  conduc t iv i t i e s  of 

For  comparison  purposes the t h e o r e t i c a l  values of Yos w a s  

i nc luded   i n  f i g u r e  16. A s  not iced the da ta ,   represented  by 

equat ion ( l o ) ,  i s  lower i n  value. 

2.  Energy  Approximation f o r  a 

I f  the arc column has r a d i a l  symmetry  and the  

t ransfer   of   energy,   generated by O h m i c  heat ing,  i s  only   due   to  

thermal and r a d i a t i v e  mechanisms then the input-output  energy 

balance  of a c y l i n d r i c a l  shell  volume is  

r+Ar 

r t 
A E I  = &E2 j" a ( r ) r d r = B . i 2 r r ' K ( r 1 ) d ,  r dT + W ( r l J  

where W(T')  i s  the  outward r ad ian t   t r ans fe r   ene rgy   pe r  

u n i t   a r c   l e n g t h  and K ( r ' )  is  t h e  the rma l   conduc t iv i ty   a t   r ad ius  

r + A r  2 r '  2 r having a temperature gradien t  - d r '  dT  Assuming 

a(T)  t o  have a temperature dependence  of  the form shown i n  

equation  (10) , and T ( r )  t o  be l i n e a r   i n  r2 ove r   t he  A r  increment, 

then we may rewrite equat ion (11) as 

and i n t e r p r e t  t h e  r e s u l t i n g  e lectr ical  conduct iv i ty  terms as t h e  

average   va lue   o f   the   cy l indr ica l  shell  



Hence, by u s e  of   equat ions (11) , ( 1 2 ) ,  and (13) : 

A W ( r l )  - 2 r r 1 K ( r 1 ) -  dT 
O ( r l )  = o ( T 1 ) =  d r  

,E2 [( r + A r )  2-r2J 

Equation  (14)  has  been  solved  for  each  arc  current  data  run  of 

hydrogen  using  the  theoret ical   values   of   yos  for  K and r e su l t s  of 

the  previously  ment ioned  arc  column n e t  r ad ia t ive   ene rgy   t r ans fe r  

computer  program (see Appendix I) f o r  W ( r l )  = P v i s ( r l )  + p v u v ( r l ) .  

F i g u r e  1 7  shows these so lu t ions  a s  a funct ion of T, and  compares 

them t o   t h e   t h e o r e t i c a l   v a l u e s   o f  Yos. A s  not iced  these  experi-  

m e n t a l  va lues   o f  (J are  considerably  lower  than  those  determined 

by equation (10) .  However solution  of  equation  (14) w e r e  depen- 

d e n t  upon theo re t i ca l   va lues   o f  K ,  where a s   t h e  resu l t s  of 

equation  (10) w e r e  not .  

3.   Collisional  Cross  Section  Approximation  for u 

Also  included  in   f igure 1 7  i s  an estimate of electri-  

c a l   c o n d u c t i v i t i e s   f o r  hydrogen  based  on  the  data and t h e  r e s u l t s  

of   equat ion  (14) ,  i . e . ,  we  have   curve   f i t t ed   the  r e s u l t s  of  (14) 

by de termining   the i r   necessary   e lec t ron-neut ra l  and electron-ion 

co l l i s iona l   c ros s   s ec t ions .   Th i s  w a s  performed  by  solving 

s imultaneously  the  expression 

-1/2 
CJ 4 n,T LnQX + n+Q+Y] 
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f o r  the e l  ec t ron-neut ra l  c o l l i s i o n a l   c r o s s   s e c t i o n  Q and the  

e l e c t r o n - i o n   c o l l i s i o n a l   c r o s s   s e c t i o n  Q+ a t  T = 10,OOO°K and 

T = 14,000°K based on t h e  results of (14) where ne i s  the  

e l e c t r o n  number d e n s i t y ,  n i s  t h e  n e u t r a l  number d e n s i t y ,  n+ i s  

the i o n  number d e n s i t y ,  and where X and Y r ep resen t  t h e  normalized 

temperature dependence  functions of t h e i r   a s s o c i a t e d   c o l l i s i a n  

c ros s   Sec t ion  w i t h  r e s p e c t   t o  a gas temperature of T = 10,OOO°K, 

i .e. ,  a t  T = 10,OOO°K,X = Y = 1.0, and a t  T = 14,000°K: 

Q = Q (.T = 10, OOO°K) X ( T )  , and Q+ = Q-k . (T  = 10, OOO°K) Y (T) . The 

normalized  temperature  dependence  functions w e r e  obtained from 

t h e  Gvosdover13 r e l a t i o n  

and the temperature f i t  

Q -  {1+*J 

-1/2 
(17) 

It w a s  found  by t h e  above procedure t h a t  a t  T = 10,000 K,  

Q+ = 1.73 x 10 -13 and Q = 1.04 x 10’14m2. Hence t h e  values 

obtained from equation  (14)  appear somewhat u n r e a l i s t i c   i n  t h a t  

these Q va lues  when used t o  recalculate K would y ie ld   lower  values 

of K t h e n   i n i t i a l l y   u s e d   i n   e q u a t i o n   ( 1 4 )   t o   d e t e r m i n e  (5. 

0 
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IV.  DISCUSSION OF RESULTS 

A. Nitroqen 

Figures 18 through 20 gives  t h e  thermal  conductivity  of 

n i t rogen   for   th ree   p ressures  0.5, 1.0, and 2.0  atmospheres  calcu- 

lated  assuming no r a d i a t i v e  loss. Figure 2 1  g ives  K f o r  50 and 

100 amps a t  1 atmosphere,which  includes  radiative  losses  for 

A > 0.02, u t i l i z i n g  t h e  a r c  column radiative  energy  transfer  computer 

program described i n  Appendix I. 

It is  u s e f u l  t o  examine i n  d e t a i l  the  ana lys i s   o f   par t i -  

c u l a r   a r c  r u n s  i n  n i t rogen ,  i n  order  to asses s   t he   s ens i t i v i ty   o f  

the results t o   v a r i a t i o n s  of t h e  assumed e l ec t r i ca l   conduc t iv i ty  

and r ad ia t ion .  W e  have  chosen t h e  a r c  r u n s  i n  n i t r o g e n   a t   c u r r e n t s  

of 50 and  100 amperes a t  atmospheric  pressure  as  being  typical.  

The temperature   prof i les   (obtained from t h e  Abel  transform  of  the 

measured l a t e r a l   i n t e n s i t y   d i s t r i b u t i o n ,  and the previously . 

measured  dependence  of  continuum i n t e n s i t y  on temperature)  for 

these condi t ions  are   given i n  f igu res  7 and 8. 

15 

These temperature  profiles,   temperature  gradients  calcu- 

l a t e d  from the  p r o f i l e s ,  a t a b l e  of e l ec t r i ca l   conduc t iv i ty   a s  a 

function  of  temperature, a table   of   radiat ion  per   uni t .volume i n  

the  spec t ra l   range   0 .2   to  6~ a s  a function  of  temperature, and 

spec t r a l   abso rp t ion   coe f f i c i en t s   desc r ib ing  t h e  s i x  most  impor- 

t a n t  vacuum u l t r a v i o l e t  continuum  absorption  edges and (computed 

from the  absorption  cross  sections  of  Burgess and  Seaton? a r e  

suppl ied   as   input   to  t h e  IBM 7094 computer. The computer  output 

f o r  these r u n s  is given i n  Table 1. 
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TABLE I 

ANALYSIS OF 50 AND 100 AMPERE  ARC RUNS 

A. 50 Ampere  Run,  Nitrogen,  one  atmosphere  pressure 

Temp OK I 
~ 

12 , 300 
~ 12,270 

12,220 
12 # 100 ' 11,960 
11,740 
11  360 
10 , 820 
10 , 360 
9 , 846 
9 , 355 
8 , 862 
8,489 
8,197 

r, cm 

0 
0.0116 
0.0232 
0.0348 
0.0464 
0.0580 
0.0696 
0.0812 
0.0928 
0.1044 
0.1160 
0.1276 
0.1392 
0.1508 

Pin,watts/m ~~,,watts/cm Pvis,watts/cm 
%Zm-oK 

9.4 
" " " 

0.4 
" 

2.6 

24.9 20.3  3.6 83.6 
24.1 9.6 1.6 37.4 
22.2 

147 6.1  33.1 25.5 
227 

41.8  66.2 19.7 984 
34.1 68.5 19.5 915 
26.3  70.9 19.2 834 
20.6  73.1 18.8 741 
18 I 6 74.4 18.0 638 
16.4  73.6 16.6 530 
14.2 69.8 14.8 424 
14.1 60.5 12.1 321 
20.7  47.2 9.0 

B. 100 Ampere  Run,  Nitrogen, one atmosphere  pressure 

13 , 180 
13 , 170 
13 , 140 
13 , 090 
13 , 010 
12 , 910 
12,760 
12 , 560 
12 , 360 
12 , 030 
11 , 650 
11 , 210 
10 , 670 
10 , 090 

0 
0.0126 
0.0252 
0.0378 
0.0504 
0.0630 
0.0756 
0.0882 
0.1008 
0.1134 
0.1260 
0.1386 
0.1512 
0.1638 

12.6 
50.5 
113 
201 
312 
446 
601 
774 
964 

1165 
1374 
1582 
17 83 

" 

0.8 
3.1 
6.9 
12.2 
18.6 
26.2 
34.5 
43.0 
51.5 
59.2 
65.7 
70.6 
73.7' 

" " 

5.7 
21.4 
45.6 
77.6 
115 
158 
202 
244 
282 
310 
3 27 
332 
327 

44.6 
48.8 
49.3 
43.9 
44.9 
43.4 
40,3 
36.6 
34.0 
31.4 
28.9 
26.6 
28.0 

" 
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Referring t o  Table 1, the first column lists the temperature 

and the second the r a d i a l   l o c a t i o n   i n  the a r c   a t  which t h i s  

temperature  occurs. The t h i r d  column g ives  t h e  t o t a l  power pe r  

unit l eng th   t he rma l i zed   a t   r ad i i   sma l l e r   t han   o r   equa l  t o  r. 

That is, 

pin (r) = 2ara (r) E2 d r  
0 

The four th  column i n  Table 1 , Pvis,  i s t h e  power rad ia ted  \ per   un i t   l eng th  by the c y l i n d r i c a l  volume w i t h  rad ius  5 r, i n  the 

wavelength  range 0.2 t o  6y. Because the a r c  is  t r e a t e d   a s  non- 

absorb ing   in  t h i s  wavelength  range, a l l  of t h i s  rad ia t ion   passes  

ou t  of the arc. 

The vacuum u l t r a v i o l e t  continuum rad ia t ion  i s  l is ted i n  the 

f i f t h  column, Pmv. The numbers given here a r e  the net  outward 

t r ans fe r   o f  power i n  t he  wavelength  range X Q -21.1. a t  t h e  

l b d  r ad ia l   s t a t ions .   Rad ia t ion   i n  t h i s  region i s  t o  some degree 

absorbed by t h e  a r c ,  and t h e  net  outward  transfer i s  made u p  of 

t he  pa r t   o f  t h e  r ad ia t ion  generated w i t h i n  the cyl inder   of   radius  

r which escapes, less the amount generated a t   l a r g e r  r values  

which i s  absorbed w i t h i n  t he  rad ius  r. 

'F ina l ly ,  column 6 lists t h e  computed values of thermal 

conductivity,   obtained from 
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I n  f igures  22through 25 t h e  results of Tab1e.I 

have been  graphed i n  a convenient form fo r   a s ses s ing  the r e l a t i v e  

importance of the d i f f e r e n t  modes of  energy  transfer.  As a 

funct ion  of   radius  we have  plotted  Pin,  Pvis, PaV, and t h e  

quan t i ty  2a rK z, where f o r  K we have  used t h e  best ava i l ab le  

theore t ica l   va lue .  

dT 

16 

R e f e r r i n g  t o  f i g u r e  2 2 ,  which is  drawn f o r  the 100  ampere 

a r c  run ,  it can be seen   tha t  there is, a t  e a c h   r a d i a l   s t a t i o n ,  a 

posi t ive  quant i ty   of   power/uni t  length = D r e q u i r e d   t o   s a t i s f y  

pin - - pVis + P,, + 2ar k E  dT + D 

F u r t h e r ,  f o r   r a d i i  less than  about 0.12 centimeters ( o r  

temperatures   greater   than 12,000°K) D i s  a f a i r l y   c o n s t a n t  

f r a c t i o n  of t h e  input  power,  of t he  order  of 25%. For r > 0.12 

centimeters D grows,   a t ta ining the  value 35% a t  r = 0.16 centimeters.  

F i g u r e  23 is a p l o t  on an  expanded sca l e   o f  t h e  inner   region 

of the a r c  column f o r  the 100 ampere run.  In this region D is 

seen t o  be everywhere smaller than   the  power t r ans fe r r ed  by 

continuum rad ia t ion  i n  t h e  vacuum u l t r a v i o l e t .  

Figure 24 is  s i m i l a r   t o  f igure  22 ,  b u t  f o r  t h e  50 ampere 

a r c  column. H e r e  D i s  q u i t e  small f o r  r 5 0.10 cm, and is  i n  

f ac t   nega t ive   fo r  0.06 5 r 1. 0.085 cm. However, it becomes large 

(-40%) a t  r = 0.16 cm. The region  near the center of   the arc 

column is  rep lo t t ed  on an  expanded scale i n  f i g u r e  25. 
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The discrepancy  between  experimental and theo re t i ca l   va lues  

of t h e  thermal  conductivity  of  nitrogen is  of  course  symbolized 

by D. I n  our  c u r r e n t  experiments we a r e   t r e a t i n g  D a s  though it 

were zero,  and including  any power which D represents  i n  t h e  

thennal  conduction. Thus, s ince  D appears   for  t h e  most p a r t   t o  be 

greater   than  zero,  the values of thermal   conduct ivi ty  deduced  from 

our  experiments  are  larger  than t h e  theo re t i ca l   va lues .  It should 

be noted that   re la t ively  small   values   of  D can  produce  significant 

changes i n  the   es t imate   o f  K. To i l l u s t r a t e  t h i s  po in t ,  we have 

considered the  effect of a v a r i a t i o n  of t h e  measured  input power, 

which has   t he . e f f ec t   o f   va ry ing  D. For the p o i n t   a t  a rad ia l   loca-  

t ion   o f  0.12 cm (T "11,.80O0K) i n  the 100  ampere r u n  w e  have 

p lo t t ed  i n  f i g u r e  26 t h e  value  of  thermal  conductivity which would 

be deduced  from our   temperature   prof i le   as  the input  power  (and 

t h u s  D) i s  var ied.  From f i g u r e  26 it can  be seen t h a t  a value  of 

D of 25% of the input  power (which i s  what we  now find  experimentally) 

causes the measured  thermal  conductivity  to  exceed  the  theoreti- 

ca l   va lue  by more than 60%. Reducing the   input  power by 12% 

would reduce D by about  half  and br ing  the measured value of K 

w i t h i n  about 30% of   the   theore t ica l   va lue .  

B. Sens i t i v i ty   o f  t h e  Analysis 

I n  t h i s  s ec t ion   t he   s ens i t i v i ty   o f   t he   ana lys i s   t o  the  

var ious  inputs  is  discussed. 

1. Input power--The input  power w i t h i n  r is  a r r i v e d   a t  from 

r 
P in  = 2p (J E2 r d r  

0 
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and i s , t h u s   l i n e a r l y  dependent  on u and quadratically  dependent 

upon E. For   the  calculat ions  presented  here  we  have used f o r  u 

t he   ana ly t i ca l   va lues   ca l cu la t ed  by Y0s9 , w h i l e  E has been 

measured  during  the  course  of  the  experiment. The e f f e c t  of  an 

e r r o r  i n  E would be t o  change  the  input power a t  each  radial  

s t a t i o n  by  a cons tan t   f rac t ion :  t h i s  would be s a t i s f a c t o r y  i n  

terms of  reducing Pin i n  f igu re  22 (100 ampere) b u t  would not 

improve the  agreement i n  f i g u r e  24 (50 ampere). On the o the r  hand, 

s ince  u has a temperature  dependence,  errors  could  conceivably 

e x i s t  i n  our   t ab les   o f  u which would improve  agreement  .for  both 

a rc   runs ,  and f o r   t h e   o t h e r s   a s  w e l l .  There  are two experimental 

checks   ava i lab le   for  the  e l ec t r i ca l   conduc t iv i ty .  First, the 

r e l a t i o n  

I = 2 7 r J  
rwall 

uE r d r  
0 

can be examined.  Second, da ta  from d i f f e r e n t  a r c  runs  can be used 

t o  measure t h e  e l ec t r i ca l   conduc t iv i ty  . With 

r e s p e c t   t o  t he  data  presented  here,  t h e  first check yields   agree-  

ment w i t h i n  10% f o r  the 50 and 100  ampere runs,  and c l o s e r  

agreement f o r  runs  a t  80 and 150  amperes. A r u n  a t  40 amperes 

gives  poorer  agreement,' t h e  value  of the in tegra l   be ing   near ly  

50 amperes.  Because  of unce r t a in t i e s  i n  the   t empera ture   p rof i les  

near  the  outer  boundary  of t h e  a r c  column it i s  thought   that  

agreement t o  t h i s  ex ten t  (-10%) is  q u i t e  good. 
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The second  check was presented i n  reference 10, and d i s -  

cussed under  paragraph D from  which f i g u r e  27 is  reproduced. 

The measurements show no t r end  of  disagreement w i t h  theory,  b u t  

only some s c a t t e r .  

Based on these two checks, it appears   tha t  the  e l e c t r i c a l  

conduct iv i ty  we have used is  not  badly i n  e r ro r .  However, 

r e f e r r i n g   t o  figure 2 6 ,  smal l   var ia t ions  i n  input power could 

produce  significant  changes i n  K, so t h i s  possible  source  of 

error  should s t i l l  be inves t iga ted ,  

More recent   ca lcu la t ions   o f   e lec t r ica l   conduct iv i ty   for  

ni t rogen by Ahtye  have come t o   o u r   a t t e n t i o n ;  these ca l cu la t ions  

a r e  based on t h e  second Chapman-Enskog approximation t o   t h e  

Boltzmann equation and we have used these  newer values i n  our 

analysis .   Figure 27 shows  a comparison between the  e l e c t r i c a l  

conductivity  values  of Yos which we  have been using, and those  of 

Ahtye.   Ahtye 's   values   are   larger   a t   h igh  temperatures  and smaller  

a t  low temperatures,  t h e  crossover   occurr ing  a t   about  11, OOOoI(. 

1 1  

9 

F i g u r e  2 8  shows the da ta   fo r   t he  100 ampere r u n  as   pre-  

sen ted  e a r l i e r  i n  f i g u r e  2 2 ,  b u t  w i t h  a new ca l cu la t ion  of t he  

input power using t h e  e l ec t r i ca l   conduc t iv i ty   va lues  of  Ahtye. 

F igure   30 is  drawn f o r  the  50 ampere run, and contains  the  results 

g i v e n   e a r l i e r  i n  f i g u r e  24 along w i t h  the new ca l cu la t ion  of  input 

power using the e l ec t r i ca l   conduc t iv i ty   va lues  of  Ahtye. 11 
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Refe r r ing   t o   f i gu re  28, the ef fec t   o f  the new electri- 

cal   conduct ivi ty   values  is  t o   i n c r e a s e  the disagreement  between 

theory and experiment,   that  is, t h e  sum of r ad ia l   ene rgy   t r ans fe r   a t  

each   r ad ia l   s t a t ion  by v i s i b l e   r a d i a t i o n ,  vacuum u l t r a v i o l e t  continuum, 

and thermal  conduction ( u s i n g  t h e o r e t i c a l   v a l u e s   f o r  the conduct ivi ty)  

i s  a smaller  fraction  of  the  computer  input power than  before. 

It should be noted,  although we have  not  extended t h e  

c u r v e s   t o   l a r g e   r a d i i ,   t h a t  t he  input  powers  based on the e l e c t r i c a l  

conduc t iv i t i e s  of Yos and of  Ahtye  approach  each  other a t   l a r g e   r a d i i ,  

c ross ing   a t   0 .18   cen t imeters ,  w i t h  the  Ahtye  curve  lower  than the 

Yos curve a t   l a r g e r   r a d i i .  The to t a l   ca l cu la t ed   cu r ren t  found from 

t h e  r a d i a l   i n t e g r a l   o f  aE is  111 amperes f o r  the  Yos e l e c t r i c a l  con- 

d u c t i v i t i e s ,  and 99 amperes f o r  the Ahtye e l e c t r i c a l   c o n d u c t i v i t i e s .  

Referr ing t o   f i g u r e  29, there is  i n  general  better 

agreement  between  theory and experiment u s i n g  the Ahtye e l e c t r i c a l  

c o n d u c t i v i t i e s   f o r   t h e  50 ampere r u n .  The d i f f e rence  between the  

two is  small a t  sma l l   r ad i i ,  where t h e  agreement  of  each w i t h  

theory i s  f a i r l y  good,  and i n c r e a s e s   a t   l a r g e   r a d i i  where the da ta  

agree  very  poorly w i t h  t he  input  power ca lcu la ted   accord ing   to  

the Yos conduc t iv i t i e s ,  and much b e t t e r   a c c o r d i n g   t o  the  Ahtye 

conduct iv i t ies ,   a l though i n  ne i the r   ca se  i s  the agreement  good. 

I n  terms of computed cu r ren t ,  w i t h  t h e  Yos conduc t iv i t i e s  we 

f i n d  a curren t  of 55  amperes, w h i l e  the  Ahtye conduc t iv i t i e s  

y i e l d  38 amperes. 
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It is  d i f f i c u l t  t o  draw  general  conclusions from 

t h i s  comparison. It does  appear,   however,   that   the discre- 

pancies  remain when e i t h e r  set of e l e c t r i c a l   c o n d u c t i v i t i e s  i s  

used ,  and are   about   of   the  same order.  Thus, some o the r  mechanism 

is  probably  operating  to  produce  the  discrepancy. 

2. Errors  i n  the  Temperature  Profile 

An inves t iga t ion  was  made i n t o  t h e  e r r o r   t h a t  would 

be caused i n  t h e  K measurement from e r ro r s   i n   t he   t empera tu re  

prof i le .   Tempera tures   as   po in ted   ou t   ear l ie r  were obtained from 

t h e  continuum rad ia t ion .  The temperature  dependence  of  this 

continuum i s  understood  reasonably w e l l .  However, i f  t he  

absolute  magnitude w e r e  i n   e r r o r   t h e n  it would be reflected i n  

the  tempera ture   p rof i le .  A tes t  of t h e  effect  on K of t h i s  

e r r o r  w a s  made by cons t ruc t ing  a new tempera ture   p rof i les   us ing  

a d i f f e ren t   va lue   fo r   t he   abso lu t e   i n t ens i ty   o f  t he  continuum 

using the  50 amp hydrogen  arc r u n ,  f i g u r e  30. This new p r o f i l e  was 

u s e d  t o   o b t a i n  new K values.  A comparison  of these conductivi- 

t ies w i t h  the  values  obtained from the o r i g i n a l l y   c a l i b r a t e d  

continuum i s  shown i n   f i g u r e  31. The e r r o r s   a r e   s e e n   t o  be 

relat ively  unimportant .  

3. Visible Radiation 

Inspection  of f igures 22 through 26 i n d i c a t e s   t h a t  

v i s ib le   rad ia t ion   accounts   for   very  l i t t l e  power t r a n s f e r  compared 
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w i t h  input  power, thermal conduction, and vacuum uv  continuum. 

It would be necessary  for  t he  v i s i b l e   r a d i a t i o n   t o   i n c r e a s e  

by f a c t o r s  of the   o rder   o f  5-10 t o  account   for   the  power repre- 

sented  by D, and t h i s  seems highly  unl ikely.   For   the  present ,  

t he   unce r t a in t i e s  i n  v i s i b l e   r a d i a t i o n ,  which are   thought  t o  be 

less than  about 30%, a r e  r u l e d  out as sources  of the d iscre-  

pancy i n  K. 

4. WV Continuum 

P a r t i c u l a r l y   a t  the higher temperatures the vuv 

continuum radia t ion   represents   an   apprec iab le   f rac t ion   of  the 

to t a l   ene rgy   t r ans fe r   w i th in  the  a r c  column. A t  lower  tempera- 

t u r e s  less r ad ic t ion  i s  e m i t t e d  and absorption becomes 

important,  so t ha t  t h e  t r ans fe r   o f  vuv continuum rad ia t ion  i s  

impeded. 

The continuum radia t ion   absorp t ion  and emission 

c o e f f i c i e n t s  we  have employed a r e  based on the   c ros s   s ec t ion  

ca lcu la t ions   o f  B u r g e s s  and Seaton3. I n  a p a r a l l e l   r e s e a r c h  

e f for t   conducted  u n d e r  cont rac t  AF33(615)-2976 we  a r e  measur ing  

the continuum  absorption  coefficients i n  an  end-on arc   operated 

in   a rgon  w i t h  a small  mixture  of  nitrogen.  Preliminary  data 

have been obtained which a g r e e   f a i r l y  w e l l  w i t h  the Burgess  and 

Seaton  calculat ions and which differ  on the  s i d e   o f   y i e l d i n g l e s s  

radiation  than  Burgess and Seaton.  Figure  32,  reproduced from 
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reference 11, compares  our  experimental  measurements w i t h  calcu- 

la t ions  based on t h e  Burgess and Seaton  cross-sections. 

Based on these experimental   data,  we  be l i eve  

t h a t  w e  are   not   underest imat ing the  vuv continuum r a d i a t i o n   a s  

a source of energy t r a n s f e r .  

5. VUV Lines--To d a t e  we have  not i n c l u d e d  any con t r i -  

bu t ion   t o   ene rgy   t r ans fe r  by l i n e  r ad ia t ion  i n  the vacuum u l t r a -  

v i o l e t .  The computer  program w i l l  accept l i n e  shape  information, 

b u t  even beyond t h i s  t h e  input   da ta   descr ib ing  l i n e  shapes and 

o s c i l l a t o r   s t r e n g t h s   a r e   p o o r l y  known. The available  experimental  

da t a   d i sag rees   s ign i f i can t ly  w i t h  t h e   l a t e s t   t h e o r e t i c a l  work. 

S t i l l ,  it i s  poss ib le  t o  make certain  approximate 

s ta tements   about   the   e f fec ts  which  could  be  produced by l i n e  

r a d i a t i o n ,  i,n order  to determine i f  t h e  order  of  magnitude is  

such  as   to   warrant  more de ta i led   inves t iga t ion .  To do t h i s  we  

note,  based on elementary  considerat ions  of-blackbodies  and 

averaging  over t h e  wavelength  range  0.1 t o  0 . 2 ~ ~  t h a t   a t  best a 

blackbody a t   1 2 ,  OOOOK can e m i t  16 watts/cm2-g i n  t he  s p e c t r a l  

range  of interest. (This  a c t u a l l y   v a r i e s  between about 4 wat ts /  

cm2-A a t   0 . 1 ~   t o  about 28 watts/cm2-8 a t  0.21”). I f  w e  now consider 

a b l a c k   c y l i n d r i c a l   r a d i a t o r  of  radius r, w e  can   ca lcu la te  t h e  

r a d i a t i v e   l o s s   p e r  u n i t  length and per  u n i t  bandwidth  as a function 

of r. This  is  done i n  f igu re  3 3 .  It is  of interest t o  compare 

t h i s  quan t i ty  w i t h  D. 
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It is  d i f f i c u l t  i n  view  of   the  exis t ing  uncertain-  

ties and  disagreements  between  theory and experiment t o  es t imate  

t h e  sum of a l l  the  l i n e  w i d t h s ,  but there appear t o  be of   the 

order  of  15 t o  30 l i n e s   o f  some magnitude i n  t h e  ni t rogen 

spectrum  (between  0.1 and 0 . 2 ~ )  a t  temperatures  of t h e  order  of 

12,000°K; i f  we a s s i g n   a r b i t r a r i l y   f o r  t h i s  discussion a width 

i n  the range  0.1 t o  1 angs t rom  for   each   l ine ,   the   to ta l   ha l f   wid th  

w i l l  be of the order  of 1OA; f u r t h e r ,  s i n c e  there can be s i g n i f i -  

cant energy   t ransfer   a t   wavelengths   severa l   ha l f  w id ths  from t h e  

l i n e  center,   one may assume t h a t  a bandpass  of the order  of 20 t o  

30A is  ava i lab le   for   energy   t ransfer .   Refer r ing  now t o  f i g u r e  33 

i f  the temperature 12,000°K occurs a t  a rad ius  of 0.12 c m ,  and i f  

w e  can sum u p  a l l  the l i ne   r ad ia t ion   p rocesses   w i th in  this rad ius  

by giving  an  emissivity of u n i t y   t o  a band of 20 t o  30a, then the  

amount of  energy  radiated would be of t h e  order  of 240 t o  360 

watts/cm. There would be also,   of   course,   absorpt ion  of   radiat ion 

from outer  regions  of the a r c ,  and it is  beyond t h e  accuracy  of 

t h i s  approximation t o  try t o   o b t a i n  a va lue   for  t he  n e t   t r a n s f e r ,  

b u t  it could   c lear ly  be of the order  of 100 watts/cm, which i s  

t h e  same order  as D i n  the appropr i a t e   a r c  column (see f i g u r e  22 

r = 0.12 an). If this temperature (12,000°K) occurred a t  a smaller  

value  of r ,  say r = 0.04 crn, then the t o t a l   r a d i a t i o n  would be 

(referring t o  f igure  34) of  the  order  of 80 t o  120 watts/cm, w h i l e  

the n e t   t r a n s f e r  would probably be of the  order  of 20  t o  50 
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watts/cm,  not  inconsis,tant  with D f o r  the 50 ampere a r c  column 

(see f i g u r e  25, r = 0.04 cm). 

W e  stress tha t   the   numer ica l   impl ica t ions  of t h i s  

discussion  of l i n e s  should  not be weighted  too  heavi ly ,   for   the 

discussion i s  crude  a t  best. However, it does   se rve   to   ind ica te  

t h a t ,  if the l i n e  wid ths   a r e   su f f i c i en t ly   g rea t ,  an amount of 

power l a rge  enough t o   a f f e c t  t h e  r e s u l t s  s ign i f icant ly   could  be 

t r ans fe r r ed :  t h u s  it motivates a closer  examination  of the  r o l e  

of  l i n e  r ad ia t ion .  

W e  a lso  point   out   that   the   importance of r ad ia t ion  

should  decrease a t  lower  temperatures, whi le  D seems t o  grow a t  

lower  temperatures  (f igure 22 and 25) ,  so t h a t  l i n e  r ad ia t ion  

does  not  appear by i tself  t o  be t h e  ent i re  answer. 

6 .  Loc'al  Thermal  Equilibrium 

It appears   p robable   a t   th i s  time t h a t  t h e  addi t ion  

of l i n e  r ad ia t ion  and perhaps a modification of e l e c t r i c a l  conduc- 

t i v i t y  w i l l  r e s u l t  i n  fairly  close  agreement  between measured 

and theo re t i ca l   va lues  of the thennal  conductivity  of  nitrogen 

a t  temperatures i n  the range 10,000 t o  15,000°K. However, 

r e f e r r i n g   t o   f i g u r e  24, t h i s  does  not  appear  to be t h e  c a s e   a t  

lower  temperatures. It i s  e n t i r e l y   p o s s i b l e   t h a t  t h e  cons t r ic ted  

a rc   t echnique   for  measurement  of  thermal  conductivity i s  not 

appl icable   a t   these   t empera tures ,  owing t o  a  breakdown i n  one o r  

more  of the  assumptions.   For  example,   referring  to  f igure 24 ,  

the   t empera ture   g rad ien t   a t  a r a d i a l   s t a t i o n  of  0.12 cm i s  of 

the order  of 50,0OO0.K/cm. It is  poss ib l e   t ha t   g rad ien t s  of t h i s  

order   a re   suf f ic ien t   to   in t roduce   non-equi l ibr ium  popula t ions   a t  



these r e g i o n s   i n  the arc. 

Two measurable  parameters which a f f e c t  the degree of  thermal 

e q u i l i b r i u m  which i n   t u r n  effect  t h e  temperature  measured i n  t h e  

a r c  column a r e   t h e   v o l t a g e  and thermal   gradients .  The following 

d iscuss ion  gives the .c r i te r ia  commonly u s e d  t o  test fo r   equ i l ib r ium 

based upon these two q u a n t i t i e s .  

a. Inf luence  of  t h e  Column Voltage on LTE 

T h e . e l e c t r o n s   i n   a n  arc column are continuously 

gaining  energy from the e lectr ic  f i e l d  between c o l l i s i o n  and t h u s  

are always a t  a higher temperature  than the  heavy particles i n  

t h e  plasma. This  temperature  difference  can be roughly  estimated 

by the following  equation. 

where Te and Tg a r e  t h e  temperatures  of the e l e c t r o n s  and gas 

r e spec t ive ly ,  h i s  t h e  mean free path  of the e l ec t rons ,  e i s  the 

charge  of t h e  e l e c t r o n  and m i ts  mass. E i s  t h e  e lec t r ic  f i e l d  

s t r eng th ,  K i s  Boltzmann's  constant and M the mass of t h e  gas 

atom. F i g u r e s  14 and  15 are p lo t s   o f  electric f i e ld  s t r e n g t h  

ve r sus   cu r ren t   fo r  1 atmosphere  hydrogen  and  nitrogen arcs. 

F i g u r e  34 gives AT/Te fo r   bo th   n i t rogen  and hydrogen a s  

a func t ion   o f   t o t a l . a r c   cu r ren t .  The absolute  accuracy  of these 

d a t a  i s  ques t ionable   s ince  t h e  va lues   ca lcu la ted   do   no t  take 

into  account  any r ad ia l  dependency  of t h e  plasma opera t ing   condi t ions  
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such a s  temperature o r   d e n s i t y .  Nor does it accoun t   fo r   o the r  

energy  inputs  o r  l o s s e s   t o  t h e  heavier p a r t i c l e s ,  s u c h  as 

e x c i t a t i o n  or de-exci ta t ion  through  radiat ion.  However, t h e  genera l  

t r e n d   i n d i c a t e s   t h a t  there w i l l  be greater d e p a r t u r e s   i n  LTE 

fo r   dec reas ing   cu r ren t s .  

b. The Influence  of Rad ia l  Temperature  Gradients 

The condi t ion  of  LTE of a plasma i n   a n  arc column 

is  a l s o  a func t ion  of r a d i u s  and the rad ia l   t empera ture   g ra idents .  

If t h e  e l e c t r o n  number d e n s i t i e s  and  atom e x c i t a t i o n s   a r e   t o  be 

i n  LTE w i t h  t h e  ground s t a t e  number dens i ty ,  the  following  condi- 

t i o n  m u s t  be m e t  

T(o) - T ( d )  
T (0) 

= E < < 1  

where d i s  the ave rage   equ i l ib ra t ing   d i s t ance   g iven  by 

where E O J a  i s  the ion iza t ion   po ten t i a l   o f  the  first atomic  excited 

l eve l   hav ing   an   a l lowed   t r ans i t i on   t o  t h e  ground s ta te  whose 

a b s o r p t i o n   o s c i l l a t o r   s t r e n g t h  is  f21. 
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Ma 

N a '  i s  the   t o t a l   dens i ty   o f   a toms  and ions ,  

is the  atomic  mass, 

and Nal is the  densi ty   of   s ingly  ionized  a toms  of   chemical  

s p e c i e s  "a ' I .  

Figure 35 g ives   ca l cu la t ions  of d versus   temperature  

f o r   n i t r o g e n  and hydrogen  for a pressure  of  one  atmosphere. The 

. c r i t e r ion   o f   equa t ion  (25) has   been   appl ied   to   bo th   n i t rogen  and 

hydrogen  not  only  for t h e  column a x i s ,   f i g u r e  35, b u t  f o r  a r ad ius  

where the  temperature  i s  1040K, Figure 37. 

For t h e  l a t t e r   c a l c u l a t i o n ,  d was relaxed by  a f a c t o r  

of t e n  because  of the a d d i t i o n a l   e x c i t a t i o n  and ion iza t ion   ga ined  

by t h e   r a d i a t i o n   i n p u t   a t  these r a d i i  coming  from i n n e r  reg ions  

of t h e  column. I n  a d d i t i o n ,  there is a l s o  an inpu t  from t h e  

d i f fus ion   of   ions  and excited  atoms t o  these r a d i i .  To a first 

approximation  the  temperature  as  measured  by l ines o r  continuum 

i s  lower by  a f a c t o r  of (1+&) than  the  actual   e lectron  tempera-  

t u r e s  i f  LTE e x i s t e d .  

-1 

Both of these tests show tha t   depa r tu re s  from LTE 

a r e   g r e a t e r   a t  low cu r ren t s .  The actual  magnitude  of t h e  depar- 

t u r e s  however  probably  can  not  be  established better than a f a c t o r  

of t e n  because  of the approximations  which  have  been made to   deve lop  

equation (23) and (25). The results of these c a l c u l a t i o n s  would 

sugges t   tha t  the difference  observed between t h e o r e t i c a l  and 

exper imenta l   va lues   o f   thermal   conduct iv i ty   a t  the  high  temperature 

74 
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would not  be a r e s u l t  of a depar ture  from LTE, however t h e r e  is  

c e r t a i n l y  a s i g n i f i c a n t  non LTE t r e n d  near  t h e  ou te r   r ad ius  o r  

a t  low c u r r e n t  I < 30 amp where wal l   vol tage  or   temperature   gra-  

d i e n t s  a r e   l a rge .  Th i s  possibly  could  give rise t o  an  anomaly 

i n  t h e  measured  values of K. 

C. Hydrogen 

The hydrogen  data  were  analyzed  by  the same procedure 

a s  was used  above for   n i t rogen .  The t o t a l  power lo s ses  by various 

mechanisms a r e   p l o t t e d  i n  f i gu res  38  and 39 f o r  the 50 and 70 amp 

r u n s  i n  hydrogen. The power inputs  and  thermal  conductivity  losses 

shown i n  these   f igures  were ca l cu la t ed  from the measured  temperature 

d i s t r i b u t i o n s  and e l e c t r i c   f i e l d   s t r e n g t h s   u s i n g   t h e   t h e o r e t i c a l  

e l ec t r i ca .1  and thermal  conductivity  values shown i n  f i g u r e s  16 and 

40 (ref.  9 ,  1 6 ) .  The r a d i a t i v e   l o s s e s  w e r e  included i n  the  calcula-  

t i o n s  shown i n  f igu res  38 and  39;  however,  rough ca l cu la t ions  ind i -  

c a t e   t h a t  this type of r ad ia t ion  i s  not  important i n  the case of 

hydrogen. 

Figures 38  and 39 i n d i c a t e   t h a t  the  discrepancies  between 

the   ca l cu la t ed   i npu t  and  output  powers i n  hydrogen  are   s imilar   to  

or  perhaps somewhat larger  than  those  found  above i n  ni t rogen.  I n  

order   to   a t tempt   to   account   for   these   d i screpancies ,  we consider i n  

t u r n  the poss ib l e   e r ro r s  i n  each  of  the  components  of  the  arc  energy 

balance. 
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The t o t a l  power i n p u t   t o  the a rc   ca l cu la t ed  from the 

product of t he  experimental f ield s t r eng th  and a rc   cu r ren t  

is indicated by t h e   s o l i d   h o r i z o n t a l   l i n e s   i n  f igures  38 and 39; 

t h i s  value is seen   t o  be in   reasonably good agreement  with 

the  t o t a l  power input   ca lcu la ted  from t h e  t h e o r e t i c a l  electri- 

cal  conductivity  values.  The same f a c t  i s  indica ted   in   another  

way i n  f i g u r e  16, where t h e   t h e o r e t i c a l   e l e c t r i c a l . c o n d u c t i v i t y  

i s  compared with  values   calculated f rm.the experimental '   data s 

as described in   Sec t ion  111, D. 

It t h u s  appears from this comparison t h a t  t he  power 

i n p u t   t o  the  a r c  used  in   our   ana lys i s   can   no t  be g r e a t l y   i n  

error .   Considerat ion of poss ib l e   e r ro r s  i n  t he  experimental 

values  used  for the e l e c t r i c a l  f i e l d  s t r eng ths  and temperature 

d i s t r i b u t i o n s  and i n  t h e  t h e o r e t i c a l   e l e c t r i c a l   c o n d u c t i v i t y  

values   leads to a s imilar   conclusion.   Altogether ,  it appears 

reasonable   to   ass ign  a maximum poss ib le   e r ror   o f   perhaps  20 

t o  30% i n  o u r  f i n a l   v a l u e s  for the  power input  t o  the  arc.  

According t o  the  ca l cu la t ions  shown i n  f igures  38 and 

39,   radiat ion is  only a minor component of the  arc  energy  balance 

i n  hydrogen f o r  t h e  operat ing  condi t ions  of   our  work. Since,  

moreover, the r ad ia t ive   p rope r t i e s   o f  hydrogen a r e   f a i r l y  w e l l  

known, it appears   that   radiat ion  could  not  be respons ib le   for  



any  major  part  of the discrepancy  between the input  and output 

powers indica ted  i n  f i g u r e s  38 and 39. Inc lud ing   t he   e f f ec t s  

' o f   u l t r a v i o l e t   l i n e   r a d i a t i o n  and of p o s s i b l e   e r r o r s   i n   o u r  

t reatment   of   the   radiat ive  t ransport   problem, it appears   tha t  

t h e  maximum e r r o r  i n  t h e   c a l c u l a t e d   r a d i a t i v e  power loss  could 

not be greater  than  perhaps  about 5 t o  10%  of the t o t a l   a r c  

input  power. 

The only  remaining power loss mechanism indica ted  i n  

f igu res  38 and 39 is  thermal   conduct ion:   I f   the   difference 

between t h e  power input  and t h e  r a d i a t i v e  power l o s s  i s  a t t r i b u t e d  

e n t i r e l y   t o  t h i s  mechanism, then  one  obtains t h e  experimental 

thermal  conductivity  values shown i n  f i g u r e  40. These  values 

ag ree   w i th in   t he   e r ro r s   be l i eved   t o  be i n  t h e  theo re t i ca l   ca l cu -  

la t ions   a t   the   h ighes t   t empera tures  s t u d i e s ,  b u t  the  agreement 

becomes progressively  poorer  at   lower  temperature u n t i l  a t  

around 10,OOO°K t h e  experimental   values  are  about a f a c t o r  of 

2 higher   than   the   theore t ica l   ones .  

I n  view  of t h i s  inconsis tency between t h e   r e s u l t s  

f o r   t h e   d i f f e r e n t   a r c   c u r r e n t s ,   a s  w e l l  a s   fo r   o the r   r ea sons  which 

s h a l l  be  outlined  below, we  do not  regard the discrepancy 

between the t h e o r e t i c a l  ahd experimental  values  of t h e  thermal 

conduct ivi ty  shown i n  f i g u r e  40 as s i g n i f i c a n t .  

82 
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If it i s  assumed t h a t  the a r c  column is  desc r ibed   co r rec t ly  

by the  generalized  Heller-Ellenbass  equation  (eq.4),  then  the   poss ib l e  

e r r o r  i n  the experimental   thermal  conductivity  values  can  be  estimated 

from t h e  maximum e r r o r s  i n  the power input   and   the   rad ia t ive  power 

loss  given  above. 

If it i s  assumed that   the   experimental   thermal   conduct ivi t ies  

a r e   a c t u a l l y  i n  e r r o r  by t h i s  maximum amount  and the  values shown i n  

f igu re  40 are  reduced  accordingly,  then one f i n d s  t h a t  the experimental 

values  ar  only  about 2 0  t o  40% above the t h e o r e t i c a l   v a l u e s   a t  the 

lower  temperatures. Since this i s  w i t h i n  the est imated  error   of  the 

theore t ica l   ca lcu la t jons ,  it appears  conceivable  that  the .discrepancy 

between the inpu t  and  output  powers  noted i n  f igu res  38 and 39 may be 

due e n t i r e l y   t o   e r r o r s  i n  the  theoret ical   values   of  the ca l cu la t ions  

and the experimental   data.  However, it i s  a lso   reasonable   to   suspec t  

t h a t  the discrepancy may a l s o   b e   p a r t i a l l y  due to   convsct ion and non 

LTE a t  the outer   region of the hydrogen  column. I t  should be noted 

here  that  both  convect ion  effects  and the   f a i lu re   o f  LTE, the l a t t e r  

being  noted i n  f i g u r e s  34 t h r u  37, appear   to  be considerably more 

important i n  the case  of 'hydrogen  than  they  are   for   ni t rogen.  
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APPENDIX I 

TREATMENT OF RADIATIVE TRANSPORT I N  THE ARC COLUMN 

A. G e n e r a l   E x p r e s s i o n  fo r  t h e  R a d i a t i v e   F l u x  

A s  p o i n t e d   o u t   u n d e r  Part  11, i n  t h e  a b s e n c e  of c o n v e c t i o n ,  

t h e  e n e r g y   b a l a n c e  fo r  a l o n g   c y l i n d r i c a l l y  symmetric arc column 

may be w r i t t e n   i n  t h e  form 

r 

- 0  
where f 0 E2 2 a r  d r  is  the e lectr ical  e n e r g y   i n p u t  per u n i t   l e n g t h  

t o  t h e  gas i n s i d e  a c y l i n d e r  of r a d i u s   r ,   a n d  

qK = -K- dT  
d r  

and 
of t h e  c y l i n d e r   d u e  t o  c o n d u c t i o n   a n d   r a d i a t i o n ,  respectively. 

I f  t h e  arc column is  o p t i c a l l y   t h i n  t o  t h e  emi t ted  r a d i a t i o n ,  t h e  

radiated f l u x  qrad may be w r i t t e n  simply a s  a n   i n t e g r a l  over t h e  

radiated power per uni t ,  volume i n s i d e  t h e  c y l i n d e r ,  

are t h e  e n e r g y   f l u x e s  per u n i t  area across t h e  boundary 

r 

a n d   o n e   o b t a i n s  t h e  o r d i n a r y ,  "opt ical ly  t h i n "   E l e n b a a s - H e l l e r  

e q u a t i o n  



which we have used i n  our  previous  analyses  of t h e  a r c  column. 

A s  we have  indicated  previously  howeve2 , t h e  approximation  of 

op t i ca l   t h inness  i s  not  adegudte  for t h e  treatment of t h e  

high-temperature  nitrogen  arc,  since f o r  t h i s  (and many o the r )  

gases there is a s i zeab le   con t r ibu t ion   t o  t h e  to ta l   energy  

balance d u e  t o   f a r   u l t r a v i o l e t   r a d i a t i o n ,   f o r  which t'he 

absorption  length i s  comparable to   o r   sma l l e r   t han  the a r c  

dimensions. W e  have  therefore  undertaken  to  modify  our  previous 

analysis   of  t h e  a rc   da t a   t o   t ake   accoun t  of t h e  e f f e c t s  0-f t h e  

absorption of r a d i a t i o n  w i t h i n  t h e  a r c  volume i tself .  

For the   genera l   case ,  where there is  absorpt ion  of   radiat ion,  

t h e  t o t a l   r a d i a t i v e   f l u x  i n  t he  outward d i rec t ion   qrad ,  which 

occurs i n  t he  energy  balance  equation  (I-1),  may conveniently 

be w r i t t e n  a s  an in t eg ra l   ove r   a l l   f r equenc ie s  v of t h e  

outward r a d i a t i v e   f l u x  q, a t  each  individual  frequency, 

aa 



q,, i n   t u r n ,  may be expressed as   an  in tegra l  o v e r   a l l   d i r e c t i o n s  

0 of the r a d i a t i v e   i n t e n s i t y  I v ,  
3 

I n  t h i s  expression the u n i t   v e c t o r  0 represents  t he  d i r e c t i o n   i n  
+ 

which t h e  r a d i a t i o n  is  t r a v e l i n g ,  0 is  the   ang le  between t h i s  

d i r e c t i o n  and the  outward r ad ia l  d i r e c t i o n ,  and the r a d i a t i v e  

i n t e n s i t y   i n   a n y   d i r e c t i o n  D is  defined  by the  condi t ion  that  

the power dP c a r r i e d   a c r o s s  a plane  normal t o  the d i r e c t i o n   o f  

propagation by r a d i a t i o n   t r a v e l i n g   i n  t h e  element  of  solid  angle 

+ 

dn and i n  t h e  f requency   in te rva l  d y  should be given by 

where dA i s  the element  of area i n  t h e  plane.  Now it can   readi ly  

be shown t h a t  a general   expression for t he  r a d i a t i v e   i n t e n s i t y  

I,, i n  a medium i n  which t h e  abso rp t ion   coe f f i c i en t  u,, and t h e  

temperature T a r e   a r b i t r a r y   f u n c t i o n s   o f   p o s i t i o n  is  given by 2 

where the i n t e g r a l  is  evaluated  along the d i r e c t i o n  of propagation 

of the  ray  considered,  



is t h e   o p t i c a l   d e p t h  t o  p o i n t  s a long   t he  ray t r a j e c t o r y  and 

(1-10) 

is t he   b l ackbody   i n t ens i ty   fo r   t he   i nd ica t ed  temperature and 

frequency. For t h e  case o f   a n   i n f i n i t e l y   l o n g  ci rcular  cy l inde r  

of   rad ius  R i n  which a l l  gas p rope r t i e s  depend only on t h e  radial  

coordinate  r, equat ions (1-6)  and (1-8) may be combined t o   y i e l d  

the fo l lowing   genera l   express ion   for  the outward   rad ia t ive   f lux  qu: 

x g ( r , r l , r o , s i n  3 ) r ' d r '  

wi th  

(1-12) 

I n   t h i s   e q u a t i o n ,  3 and ro are v a r i a b l e s   d e s c r i b i n g   t h e   d i r e c t i o n  

of propagation 0 o f   t h e   . r a d i a t i o n ,  -# be ing   t he   ang le  between t h e  

d i r e c t i o n  of propagation and t h e  cy l inde r  axis and ro the minimum 

d i s t a n c e  between t h e   r a y   t r a j e c t o r y  and the  ax i s .  

3 



An alternative  expression  for q, which  is  sometimes  more 

convenient.may  be obtained  from  equation  (I-lla)  by  integrating 

by  parts  over rl, yielding  the  result 

2 q, - - - dro f sin2$ d$ dIB h(r,ro,ro,sin$)  dr'  (I-13a) R - 
' 0  '0 ro dr' 

with 

(I-13b) 

Equations  (I-5),  (1-12),  and  (1-11) or (1-13) thus  provide  the  desired 

generalization  of  equation (1-3) for  the  case  when  the  arc  column 

is  not  optically  thin. 

B. Simplification  of  the  Formula  for  an  Arbitrary  Absorption 

Coefficient 

In  order  to  determine  the  thermal  conductivity  of  a  gas  from 

electric  arc  data  using  equations (1-1) and (I-2), it  is  first 

necessary  to  evaluate  the  radiation  flux  qrad  for  each  value of 

the  radial  coordinate  r  for  which  calculations  are  being  carried 

out.  Assuming  that  the  absorption  coefficient a,, is  known,  this 

could  be  done  in  principa'l  by  straightforward  numerical  integration 

of  the  general  equations  for  qrad  developed  in  the  preceding  section. 

One  sees,  however,  that  this  would  involve a three-dimensional  spatial 



i n t e g r a t i o n  and  an  integral   over   f requencies  for  each  value  of  the 

r ad ia l   coo rd ina te  r, the  evaluat ion  of  9r-d f o r  any  given arc run would 

be e s s e n t i a l l y   e q u i v a l e n t   t o  a five-dimensional  integration. 

This would be ra ther   l engthy ,   even   for  a h igh   speed   d ig i ta l  

computer, so t h a t  it is  des i r ab le   t o   s imp l i fy   t he   gene ra l  formu- 

l a s  as much as  possible  before  proceeding  to  numerical:   computations.  

Fo r tuna te ly ,   t h i s   p roves   t o  be poss ib le  i n  the   p resent   case  

wi thou t   s ign i f i can t   l o s s  i n  accuracy,  as we s h a l l  now show. 

L e t  us u s e  t h e  form (1-11) f o r  qv and c o n s i d e r   f i r s t  t h e  

i n t e g r a l   o v e r  3 .  This  i n t eg ra l   can  be w r i t t e n   i n  terms of   the  

s ing le   func t ion  

'0 
(1-14) 

where, from (I-ll),the  argument x may be e i t h e r  It(ro,r') - t(ro,r) I 
o r  (t ( ro, r I )  + t (r0, r) ) . Equation  (1-14)  can be i n t e g r a t e d   i n  

terms of hyperbolic Bessel f u n c t i o n s   t o   y i e l d   t h e  result  

(1-15) 

where KO, KL, and [KO dx are   tabulated  funct ions.   Values   of  

Y ( X )  ca lcu la ted  from equation (1-15) are p lo t t ed   i n   F igu re  1-1 f o r  

x i n  the  range 0 5 x 5 10.  For larger values  of  x,  Y(x)  decreases 

asymptotically a s , / a e - x .  



For  numerical   calculations,  it is  convenient t o  have  a 

s imple  analyt ical   approximation  for   Y(x) .  From the form of the  

funct ion  Y(x) ,  as ind ica ted  by equation (1-14) and Figure 1-1, it 

appeared t h a t  a s u i t a b l e  form for t h i s  approximation  might  be 

a sum of exponent ia ls ,  
n 

~ ( x ) =  x ai  e 
i=i 

-bix 
(I-16a) 

w i t h  the c o e f f i c i e n t s   a i  and b i  determined by c u r v e f i t t i n g  the  

exac t  r e s u l t  (1-15). Using t h e  form ( I - l 6 a ) ,  we obtained t h e  simple 

two term c u r v e f i t  

-1 .0762~ -2.  lOOx 
Y (x) = 1.385 e + 0.600 e (I-16b) 

which agrees w i t h  t h e  exact  r e s u l t  (1-15) w i t h i n  0.8% f o r  0 

- < x 5 6  and w i t h i n  -10% f o r  x 5 10. The percentage  error  

increases   g radual ly   for   1arger .va lues  of x, b u t  s ince  Y(x) itself 

decreases   exponent ia l ly  w i t h  x ,   e r ro r s  i n  Y(x) f o r   l a r g e  x w i l l  

have  a neg l ig ib l e   e f f ec t  on t h e  in t eg ra t ed   r ad ia t ive   f l ux  q, 

given by equation (I-=). Thus  t h e  simple  approximation  (1-16b)  for 

Y(x)  should be adequate   for   p rac t ica l   ca lcu la t ions   o f  t h e  r ad i -  

a t i v e   f l u x  i n  p r a c t i c a l l y   a l l   c a s e s .  For  those  cases i n  which 

be t t e r   t han  1% accuracy i,s required one  can  simply u s e  a  few 

add i t iona l  terms i n  the  curvefi t   ( I -16a)  u n t i l  t h e  desired accuracy 

is  a t t a ined .  
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With t h e  approximation (1-16) f o r  y(x) , equat ion (1-11) f o r  

q, becomes 

where 

and 

t '  E t ( ro , r l )  

(1-17) 

(1-18) 

are  given  by  equation  (1-121, and t h e  sum over  i from i = 1 t o  

2 has now replaced the  i n t e g r a l   o v e r  $. A f u r t h e r  important 

s impl i f i ca t ion   can  now be made by not ing  tha t  the r ad ia l   coo rd ina te  

r Occurs  i n   e q u a t i o n  (1-17) only  through t h e  f a c t o r  e- 

The r- dependence  can t h u s  be factored  completely  out of the i n t e -  

+ b i t  

g ra l  over t ' ,  y i e l d i n g  t h e  r e s u l t  

(1-19) 
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With t h i s   f a c t o r i z a t i o n ,  it is  no longer   necessary  to   re-evaluate  

t he  i n t e g r a l s  over t '  in   equat ion  (1-19) for  each  value  of  the 

r ad ia l   coo rd ina te  r cons idered ,   so . tha t   the   d imens iona l i ty  of t h e  

problem is  ef fec t ive ly   reduced  by  one.  Thus,  by t h e  u s e  of 

equat ions (1-51, (1-12), (1-18), and (1-19) the ca l cu la t ion  of q r a d ( r )  

is reduced from the  or iginal   f ive-dimensional   problem  to   an 

effectively  three-dimensional  problem, i .e.,  t o  two s p a t i a l  

dimensions and t h e  frequency. 

C. Numer ica l  Computation Procedure 

The equat ions d i s c u s s e d  in  the  preceeding  sections  have  been 

programmed for  d i g i t a l  computat ion  of   the  radiat ive  f lux qrad (r) 

and the  thermal   conduct ivi ty  K ( T )  from given  arc  data.   For 

g iven   va lues   o f   the   a rc   t empera ture   d i s t r ibu t ion  T ( r )  and the 

abso rp t ion   coe f f i c i en t  a ( v , T ) ,  t h e  program f i r s t   c a l c u l a t e s  

q r a d ( r )   i n   t h e  arc column  from equations  (1-5),  (1-12), (1-18), and 

(1-19); the corresponding  values  of K ( T )  a r e   t hen   ca l cu la t ed  

from the  energy  balance  (equations (1-1) and (I-?)), us ing   the  

previously calculated values  of  qrad(r) and given  values  of 

o(T) and E. 

The main features  of  the  computational  procedure used  i n  

obta in ing   qrad( r )  are b r i e f l y  as follows: First, the  temperature  

d i s t r i b u t i o n   i n   t h e   a r c  is  s p e c i f i e d   i n   t a b u l a r  form  by giving 

values of the   a rc   t empera ture  T and the   cor responding   rad ia l  

coordinate r a t  a number of d iv i s ion   po in t s   ac ross   t he   a r c  column 

p r o f i l e .  The values  of t h e  gas p rope r t i e s  CT and av a t   t h e s e  

d iv i s ion .po in t s   a r e   t hen   ob ta ined  by l i n e a r   i n t e r p o l a t i o n   i n  

t a b l e s  of the  property  values  versus  temperature.  The r a d i a l  
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integrals  in  equations (I-1), (1-12),  and (1-19) are  evaluated 

analytically  between  division  points  in  r,  assuming  an  interpola- 

tion of the  gas  properties  which  is  linear  in  r2.  (This  interpo- 

lation  scheme  was  chosen  because  it  is  known  to  give a rather 

good  representation  of  the  experimental  data  in  many  cases, 

especially  for  small  values  of r (see  Figure 1-20. The  integra-- 

tion  over  t'  in  equation (1-19) is  done  similarly,  using a linear 

interpolation  in  tI2  for IB. Although  this  integration  can  be 

done  in  closed  form  for  all  values  of  the  parameters,  cancellation 

of  terms  in  the  resulting  formula  leads  to  serious  numerical  errors 

when  the  difference  At  between  the  values  of t at  the  two  ends of 

the  integration  interval  is  small.  Hence,  the  program  uses  the 

closed  form  formula  for  the  integral  only  when  At  >.0.2  and  uses 

a power  series  expansion  in  At  for  values  of  At 5 0.2. 
Values  of q,  (r) are  calculated  from  equation (1-19) for a 

series of specified  frequencies v and  the  integration  over 

frequencies  (equation (1-5)) is  then  performed  using  the  formula 
j' 

(I-20a) 

where  the  integration  frequencies v j  and  the  weighting  coefficients 

A .  are  specified  in  the  input  data.  In  addition  an  option  is 

provided to treat  part  of  the  radiation  according  to  the  optically 

thin  approximation  (equation (1-3)) if  desired, so that  the  total 

3 

radiative  flux  becomes 
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where  Prad(T) i s  the  rad ia ted  power  pel: u n i t  volume f o r  t h e  

o p t i c a l l y  t h i n  p a r t  of the rad ia t ion .  The values   of   qrad(r)  from 

equation (1-20) a re   t hen   i n se r t ed   i n to   equa t ions  (1-1) and (1-2) t o  

obta in  the  thermal  conductivity K a s  a funct ion of rad ius  r and 

hence  of  arc  temperature T. 

Estimated  accuracy  for t he  ca l cu la t ions   o f   qv ( r )  i s  -1% o r  

better for   values   of  t he  optical   depth  parameter t ranging from 0 

t o  1000 o r  more,  assuming tha t  t h e  input   da ta  i s  known t o  t h i s  

accuracy.  For a t yp ica l   ca se  w i t h  about 25  r a d i a l   d i v i s i o n  

po in t s ,  t he  present   vers ion  of  t he  program requi res  -5 t o  -10 

seconds on t h e  IBM 7094 t o   c a l c u l a t e   q v ( r )   f o r  a s ingle   f requency 

and a l l   v a l u e s   o f  r; no  attempt w a s  made t o  minimize this running 

time, however,  and it might w e l l  be p o s s i b l e   t o  reduce  it 

considerably i n  f u t u r e  versions  of t h e  program. 

The t o t a l  r u n n i n g  time of t h e  program f o r  a given  arc   run 

of course  depends on t h e  number of  frequencies v which it i s  

necessary   to  u s e  i n  t h e  frequency  integrat ion (1 -20) .  Because  of 

t h e  complicated way i n  which the  absorpt ion coeff ic ient  a depends 

on frequency and temperature, the  number of   in tegra t ion   f requencies  

v j  r equ i r ed   t o   spec i fy  the radiat ion  adequately may i n   g e n e r a l  

become very  large.  The fol lowing  sect ion discusses ways i n  which t h i s  

number may be reduced i n  t he  impor tan t   spec ia l   case   in  which the 

absorp t ion   coef f ic ien t  a is  a separable  function  of  frequency and 

temperature.   This  analysis i s  then  appl ied   to   de te rmine   appropr ia te  

va lues   fo r  the c o e f f i c i e n t s  V j  and A j  i n   equa t ion  (1-20) f o r  two types 

of r a d i a t i o n   o f   i n t e r e s t  for t h e  present  work,  namely 

j 
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continuum radiation and line radiation 

with  a  constant half-width. A third important  type  of 

radiation,'namely  line,  radiation  with  a  strongly temperature-. 

dependent half-width is non-separable; the analysis  for 

this case appears to  be  much more  difficult and is not considered 

here. 

D. Optimization of  the  Frequency  Integration  for  a Separable 

Absorption  Coefficient 

The present section  describes  a  procedure for determining the 

numerical  integration  constants  Aj and  Vj in equation (1-20) to obtain 

a specified accuracy in the  total  radiative flux qr-d(r), indepen- 

dent of the  temperature  distribution in the arc. In this method 

it is assumed that  the absorption coefficient a is a  separable 

function  of v and T, i.e., 

where a (T) is the  absorption  coefficient at a 

Y = vo and f ( v )  is  assumed to be normalized such 

In this  case  the  expressions given above for  the 

flux qv can be considerably simplified by taking 

VO 

(1-21) 

fixed frequency 

that f(v0) = 1. 

spectral  radiative 

the factor f ( v )  

outside of the  spatial integrations. Thus equation (1-12) for the 

optical  depth  ,parameter  t becomes 
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(I-22a) 

where 

(I-22b)  

represents  the value of t a t  t h e  frequency v = vo and is, of  course, 

independent  of  frequency. S u b s t i t u t i n g  equation (1-22) i n t o  (1-19) 

and car ry ing   ou t  t he  in tegra l   over   f requencies   then   y ie lds   an  

e x p r e s s i o n   f o r   t h e   t o t a l   r a d i a t i v e   f l u x   i n  the form 

where we have  defined t h e  funct ion 

(1-23) 

(1-24) 

I f ,  on the other  hand, f q v  d v  i s  evaluated from the  approximate 

formula  (I-20), one obtains  an  expression  of  exactly the same form a s  

equation  (1-23)  except  that the funct ion F(E,  T') in   equa t ion  (1-23) 

is replaced  by the new funct ion 

Thus it follows that .  equation  (1-20) w i l l  g ive  a good approximation 
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to  qv d v  if we choose  the  constants vj  and Aj in (1-20) such Lhat 

G(~,T') is approximately  equal to F(~,T') for all values  of 4 and 
T' occurring in the problem i.e., 

G(4,T') r F(4,T')  (1-26) 

1. Line  Radiation  with  a Temperature-Independent Profile 

For  a  single  spectral line, equation (1-26)  may be further 

simplified by neglecting  the variation of the black-body intensity 

IB across  the line profile. Hence IB may be factored out of 

(1-26) to obtain  the  condition 

Thus in the case,of an  isolated spectral  line  with  a  temperature- 

independent profile, the problem of  choosing  suitable values for 

the  constants Aj and v j  in  equation (1-20) reduces to that of 

curvefitting  a  single  function  of  one variable, as defined in 

,eqilation (1-27) . 
Explicit values of the  coefficients  Aj and Vj have  been obtained 

from equation  (1-27)  for  two line shapes of general interest: namely, 

the  Lorentz and Doppler profiles. . For  the  Lorentz profile, one  has 
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where b is  the  half-width parameter and vo is  the  f requency  of  

t h e   l i n e  center. Hence f o r   t h i s  case one has 

(I-28b) 

The i n t e g r a l  (I-28b) is  r ead i ly   eva lua ted   i n  terms o f   t he  Bessel 

function  of  imaginary  argument  and i s  p l o t t e d   i n   F i g u r e  1-3 f o r  

values  of 4 between 0 and 10. The simple two-term c u r v e f i t  

IL(~)WJ b (.6527 e 
-. 6839c + -3397 e ( I - 2 8 ~ )  

f i t s   t h e   c a l c u l a t e d   d a t a  w i t h i n  0.8% ove r   t h i s   r ange  of 4 .  
Comparing t h i s  r e s u l t  wi th   equat ions (1-23) and ( I - 2 7 ) ,  we  conclude 

tha t   u s ing   t he   va lues  

"1 = V o  + .6799b A 1  = 2.998b 

~2 = v o  + 3.86623 A 2  = 17.02b 
(1-29) 

i n  equation (1-20) w i l l  give  an  accuracy -1% i n   t h e   c a l c u l a t e d  

r a d i a t i v e   f l u x   q r a d ( r )   f o r  a Lorentz  broadened  l ine  with  constant 

ha l f -wid th   p rov ided   t ha t   t he   op t i ca l   dep th  a t  t h e   l i n e   c e n t e r  is  

everywhere ,< 10. 

A s imi l a r   ca l cu la t ion   has   a l so   been  carried through  for   the  

Doppler p r o f i l e ,  
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(I-3Oa) 

where the  parameters v o  and  b  have t h e  same s ign i f i cance   a s  i n  

equation (1-28) above.  For t h i s  case  one  has 

(I-30b) 

W -X 2 
= 2 b  -f exp(-x2-e e ) dx 

0 

This  function  has  been  evaluated by numerical   in tegrat ion and is  

p lo t t ed  i n  Figure  1-4  for  values  of 4 i n  t h e  range 0 5 4 5 3000. 

F i t t i n g   t h e   c a l c u l a t e d   v a l u e s   t o   t h e  form (1-27)  g ives   the  

c o e f f i c i e n t s  

"1 = v o  + .691b A 1  = 2.4223 

v 2  = v o  + 1.57b A 2  = 1.32b 

~3 = v o  + 2.15b A 3  = 1.00b 
( I - 3 0 ~ )  

~4 = v o  + 2.64b A 4  = 1.10b 

w i t h  an e r r o r  of - < 10% for   values   of  4 i n  t h e  range 0 1. 4 5 2000. 

The c o e f f i c i e n t s  (I-3Oc) a r e  t h u s  su i tab le   for   modera te ly   accura te  

ca lcu la t ions   o f  t h e  t o t a l   r a d i a t i v e   f l u x  from  Doppler  broadened 

l i n e s  f o r   a l l   c a s e s  i n  which t h e   t o t a l   o p t i c a l   d e p t h   a t  t h e  l i n e  

cen te r s  does not  exceed -1000. 
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2. Continuum  Radiation 

Values  of  the  integration  constants V j  and Aj may  also 

be  found  from  equation  (1-26)  for  the  case of continuum  radiation. 

For  this  type  of  radiation,  the  absorption  coefficient  between  two 

adjacent  absorption  edges  vi (e) and vi+l (e) is  ordinarily  repre- 
sented  rather  well  by  a  formula  of  the form 

where  n  is  a  constant  which  is  typically  u3,  though  values  ranging 

from -0 to -6 occur  in  a  few  cases.  With  the  form  (1-31)for f(v) 

equation  (1-24)  becomes 

where 

( I-32b) 

and  the  explicit  form (1-10) has  been  used for IB. Integrating 

equation  (1-32)  by  a  Gaussian  quadrature4  using  the  variable  of 

integration 

then  yields  an  approximation  for F ( 4  ,T) of the  desired  form  (1-26) 

with  the  integration  constants Aj and  vj  given  by  the  formulas 



where the   cons tan ts  y and w are   the  nodes and we igh t s  f o r  a 

Gaussian  quadrature on t h e  i n t e r v a l  0 t o  1, as   g iven ,   fo r  

example, i n   t a b l e  25.8 of   reference  4 .  

j j 

The approximation  (1-34)  for  F(e, T) has been tested by 

numerical   calculat ions  for   values   of  t h e  parameters i n  t h e  

range 

(1-35) 

which covers  most  cases  of interest for   the   t rea tment   o f   u l t rav io le t  

continuum rad ia t ion  i n  t h e  a r c ,  and it has been found t h a t ,   f o r  

almost a l l   c a s e s  i n  t h i s  range, two t o   f o u r  terms i n  t h e  Gauusian 

quadra ture   a re  s u f f i c i e n t  t o  hold   the   e r ror  i n  t h e  frequency 

in tegra t ion   wi th in  a f e w  percent.   Typical results of these calcu- 

l a t i o n s  are shown i n  F i g u r e s  1-5 through 1-10  where we have  plotted 

t h e   r e l a t i v e   e r r o r  i n  the  approximation  (1-34)  versus  the  parameter 

va lues   for   var ious  numbers  of terms N i n  t h e  Gaussian  quadrature. 

For n = 0, t h e  e r r o r  is  independent  of the optical   depth  parameter 

4, and one sees from Figures 1-5 and 2-6 t h a t  three terms i n  the 

Gauss ian   quadra ture   a re   suf f ic ien t   to   g ive   an   e r ror   o f  5 1% f o r  
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all cases in  the range (1-35). The error is somewhat greater for 

n = 3 (Figures I-7-1-11), but nevertheless one  sees that four terms 

in  the quadrature formula are sufficient to hold the error within 

- i- 5%, except for values of 6, - 10 or more. For  typical cases in 

the subsequent arc data analysis, 6, is - 1 or 2, so that the 
corresponding error is of course much smaller than this. 

Besides the error shown in Figures 1-5 through 1-10 which 

results from the use of  the approximation (1-34) in.p$ace of 

equation (1-32) for F ( e , T ) ,  there is of course an additional error 

in  the present analysis due to the use of  an approximate form 

(equations (1-21)  and (1-31)) for the continuum absorption coefficient 

01 ( v , T )  . The  magnitude  of  this latter error has not been 

evaluated  in detail; however it appears  that  in general it should 

be  smaller than the error resulting  from uncertainties in the 

.experimental absorption coefficient  data  used  in the analysis. 
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APPENDIX I1 

RADIATION CALCULATIONS 

It was necessary   for  t he  purpose  of   calculat ing  the 

thermal   conduct iv i t ies   us ing  the  experimental   arc column data  of 

vo l tage   g rad ien ts  and tempera ture   p rof i les ,   to   es t imate  t h e  n e t  

outward r ad ian t  power t r a n s f e r   a t   a l l   a r c  column r a d i i .  This 

problem was d iv ided   in to  two p a r t s .  1) The plasma was t r ea t ed  

a s   ' be ing   op t i ca l ly  t h i n  for   a l l   rad ian t   emiss ion   of  the  v i s i b l e  

and near I R  spec t r a .  2) The plasma was t r e a t e d   a s  thi& f o r   a l l  

radiant  emission  of t h e  vacuum W spectrum. Referr ing t o   c a s e  #1 

the r ad ian t  power lo s s   pe r  u n i t  a r c  column length was calculated 

a s  : 

where  r i s  t h e  a r c  column rad ius  and e (r)  i s  the  t o t a l  emission 

c o e f f i c i e n t  of the   gas   a t   t empera ture  T ( r ) .  Refer r ing   to   case  #2 

t h e  rad ian t  power lo s s   pe r  u n i t  a r c  column length was calculated 

using the  a r c  column r a d i a t i v e   t r a n s f e r  computer  program described 

i n  d e t a i l  in Appendix I of t h i s  report .  The n e t  outward  radiant 

power t r a n s f e r   a t  a given  arc  column rad ius  was then  determined as:  

Pne t (r) + pvuv (11-2 ) 

and was appl ied  to   equat ion (19) along w i t h  t h e  other   necessary  arc  

column parameterafor  determination  of the thermal  conductivity K ( r ) .  

The fo l lowing   d i scuss ion   br ie f ly   d i scusses  the methods u s e d  t o  



determine  the emission coef f ic ien ts   o f   equa t ion  ( I s 3  and t h e  

r a d i a t i v e  values submi t ted  i n  the above  mentioned  energy  transfer 

computer  programs. 

1. Total emission  coefficient--Visible and I R  Spectrums 

The t o t a l  emis s ion   coe f f i c i en t s   fo r   an   i n f in i t e s ima l  

volume of   rad ia t ing  gas can be described q u i t e   b r i e f l y   a s  

8 (T) = f 8 (T,Y') d J  (11-3 

where the  spec t ra l   emiss ion   coef f ic ien t ,  e ( T , - J ) ,  represents  the 

sum of a l l   r ad ia t ive   p rocesses   con t r ibu t ing   apprec i ab le  amounts of 

rad ian t   energy   a t   f requency  4 fo r   gas  temperature T. For o u r  

plasma temperatures, the rad ia t ive   p rocesses   o f   in te res t  where those 

of t h e  free-free, free-bound, and bound-bound mechanisms which i n  

p a r t  i nc luded  effects d u e  t o   e l e c t r o n s   i n  the  presence  of  neutral  

atoms and i n  fields of   s ingly  ionized atoms. 

The bremsstrahlung, i.e., free-free t r a n s i t i o n ,  

Spec t ra l   emiss ion   coef f ic ien t  was obtained  using the expression 

wherea, ao,  k, EH and h a r e  the u s u a l  constants ;  and He is the  

e l ec t ron  number dens i ty ,  N i  is the number densi ty   of  t h e  r eac t ing  

p a r t i c l e  f i e l d ,  and g f  ( T , 4 )  is the associated  gaunt   factor  a 

function  of  both  temperature T and frequencyv.  For  our  purposes,  

when N i  represented t h e  number density  of  singly  ionized  atoms, 

we  used t h e  tables   of   Karzas  and Latter'to  determine t h e  free-free 

gaunt   factors .  
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The recombination, i.e., free-bound transition, 

spectral emission coefficient was obtained using the expression 

where  the sum is  made  over principal and orbital quantum  numbers 

n, and t respectively; and Bv is the Planck function in  frequency 

units, (T I n t  is the net absorption cross section in  that it takes 

into account' effects due to induced  emission, and Nn is number 

density of the given n,t  state. For a  more detailed discussion on 

how equation (113 and (x-9 were utilized the  reader is referred 

t 

to reference 2 . For  the present it suffices to state that 

these equations along with those to follow have been programmed 

for solution on  our IBM 7094 computer, the input  of which will 

be  briefly  discussed  here. 

The  true aborption (photo ionization) cross section 

is defined  as 

On t nt - exp (- gjJ (11-6) E (5' 

and was calculated for the gases in question for all possible 

processes of No 4- h v  = N+ + e-, which occur in the W as well as  in the 
visible  and IR spectra,  using the generalized quantum defect 

method  proposed  by Burgess and  Seaton , the values of which have been 
calculated  by, for example,  Griem  and  Hahne?  and  substantiated 

5 experimentally by Morris et  al. For large principal quantum 

numbers, n, we have employed the hydrogenic formula, namely, 

2 

3 



6 
where gfb i s  the free-bound  gaunt  factor  of wh 

expression. 

ich we used Peach's 

The visible and near  I R  l i n e ,  i.e., bound-bound 

t r ans i t i on ,   spec t r a l   emis s ion   coe f f i c i en t  w a s  obtained and i n t e -  

grated independently  of the  free-free and free-bound  transit ions.  

The t o t a l   l i n e   e m i s s i o n   c o e f f i c i e n t  i s  g iven   for   one   l ine   as  

8 (T) = hv bb 4n Nm' ( 11-81 

where v is the unperturbed  frequency  of the l i n e ,  Am'' is  the 

t rans i t ion   p robabi l i ty   for   spontaneous   emiss ion   for   t rans i t ions  

from  an i n i t i a l   s t a t e  m '  t o  a f i n a l  s ta te  m and Nm' is the  

number dens i ty   o f  the i n i t i a l  s tate.  I n  terms of absorption 

o s c i l l a t o r   s t r e n g t h  f m  U r n ,  

2 r 0  TT hV3 g, 
(TI = fmm' Nml (11-9) "bb C 

where r h and c are t h e  usual   constants ;  and the  g terms are  the 

s t a t i s t . i c a 1  weights of the  i n i t i a l  and f i n a l   s t a t e s .  I n  t h e  form 

of  equation (II-9) a sum of t he  t o t a l  bound-bound emiss ion   coef f ic ien ts  

was  made using the abso rp t ion   o sc i l l a to r   s t r eng ths   ca l cu la t ed  by 

Bates and Damgaard ( G r i e m  ) , and A l l e n 7 .  

0' 
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This sum was then added t o  the above in tegra ted  r e s u l t s  of free- 

free and free-bound estimates due t o   e l e c t r o n s   i n   f i e l d s   o f   s i n g l y  

ionized atoms and also due  t o   e l e c t r o n s   r e a c t i n g  w i t h  n e u t r a l  

a toms.   For   the   l a t te r  case (No + e) t h e   r a d i a t i v e   c r o s s   s e c t i o n s  

used were, dependent upon the   gas   i n   ques t ion ,   t hose   ca l cu la t ed  

and / o r   l i s t e d  by  Bates8and Griem3and those found  experimentally 

by Morris e t  a l .  5 

Figures=-land II-2 show t h e   t o t a l   v i s i b l e  and ‘near I R  

emiss ion   coef f ic ien ts   used   for   our   n i t rogen  and hydrogen  calcula- 

t ions  of   thermal   conduct ivi t ies .  

2. Radiative Continuum I n p u t   t o  A r c  Column Radiative 

Transfer  Computer Program, W Spectrum 

A s  mentioned  previously the  net   radiant   energy 

t r ans fe r r ed   a t   va r ious   s t ages   o f  the  a r c  column due t o  W free- 

bound continuum  processes was ca lcu la ted  by u t i l i z i n g  the a r c  

column rad ia t ive   t ransfer   computer  program  (Appendix I ) .  The 

input  of t h i s  program requi res  knowledge of t h e  photo-ionization 

c ros s   s ec t ions   a s  a func t ionof   f requency   for   a l l   poss ib le  

No + hv = N+ + e’ processes.  For  nitrogen we  used t h e  s ix   absorp-  

t ion  edges  calculated by Hahne which in   par t   have  been  substant ia ted 4 

magnitude w i s e  by  experiments  carried  out  in t h i s  laboratory(See  Sec.IV).For 

hydrogen t h e  photo-ionization cross sec t ions  used w e r e  those  calcu- 

l a t e d  by G r i e m  using the  B u r g e s s  and Seaton  approach. These cross 

sections  agreed w e l l  w i t h  those  obtainable  from t h e  works  of 

Karatz and Latter and a l s o  Bethe and Salpete?. 
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